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Introduction

These notes constitute the theory documentation for the PSSFSS program. PSSFSS is a Julia
[1] program for the analysis of polarization and frequency selective surfaces (PSSs and FSSs).
The structure under consideration may contain any number of stratified dielectric layers, possibly
including one or more zero-thickness conducting! sheets located at the dielectric interface layers.
The metalization pattern on the sheets is assumed to exhibit a two-dimensional periodicity, which
may vary from sheet to sheet. The structure is illuminated by a monochromatic plane wave incident
at an arbitrary angle, and the goal of this analysis is to efficiently compute the complex scattering
matrix whose entries are reflection and transmission coefficients for the scattered plane waves.
Various performance parameters can be obtained from the scattering matrix, such as reflection and
transmission coeflicients, axial ratio, polarization purity, delta insertion phase delay, etc.

To calculate the fields scattered from the metallic sheets, we will use one of two approaches,
depending on the sheet geometry:

1. If a sheet’s unit cell of periodicity is mostly absent of metalization (“wire”, “strip”, or
“capacitive” type FSSs are typical examples of this), it is more efficient to replace the
metalization with unknown induced electric surface current, which will be solved for in the
course of the analysis.

2. Alternatively, if the unit cell is mostly metalized (as in a “slot” or “inductive” type of FSS),
then it is more efficient to solve for the tangential electric field in the non-metalized (“void”)
area. In practice this is done by filling in the void regions with metalization and impressing
upon these regions induced (fictitious) magnetic surface current. Note that this technique can
only be used when the metalization is assumed to be perfectly conducting. Lossy conducting
metalization requires the use of electric surface currents.

The unknown electric or magnetic surface currents in the unit cell are approximately determined
by solving a mixed-potential integral equation using the method of moments in conjunction with
the so-called “RWG” triangle subdomain basis functions [2].

limperfect conductors are also allowed
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Each sheet in the structure is characterized by its generalized scattering matrix (GSM). “Gener-
alized” refers to the fact that both propagating and evanescent modes are treated. The GSMs of the
sheets and dielectric layers are cascaded to obtain the GSM of the entire structure. If the sheets do
not all share the same periodic lattice, then the sheet interactions are approximated by accounting
only for the dominant, propagating TE and TM modes during the cascading process. Also, if a sheet
is surrounded by very thin dielectric layers, then it would require a very large number of evanescent
modes to correctly model the effects of these layers. So in this case, the composite GSM of the
sheet together with its surrounding thin layers is directly computed, by using a Green’s function for
multiply stratified dielectric layers.

This document is organized as follows:

Chapter 1 documents the basic assumptions and fundamental equations for the fields and potentials
needed in the rest of the analysis.

Chapter 2 describes the type of periodic structures treated in this analysis, defines the direct and
reciprocal lattices, and derives the form of Floquet modes used in subsequent chapters.

Chapter 3 defines the generalized scattering matrix (GSM), and derives formulas for the GSMs of
canonical structures needed later in the analysis.

Chapter 4 derives an efficient, wide-band formula for the potential Green’s functions for abutted
half-spaces under quasi-periodic (Floquet) boundary conditions, as needed for FSS and PSS
sheets that are surrounded by reasonably thick adjacent dielectric layers.

Chapter 5 extends this formulation to multiply stratified media on each side of the sheet, as is
needed for a sheet immediately adjacent to one or more very thin dielectric layers.

Chapter 6 discusses how to calculate the incident fields and extract scattering matrix entries from
computed currents.

Chapter 7 provides the details of the method of moments (MoM) solution of the mixed potential
integral equations for the electric or magnetic currents flowing on the FSS/PSS sheets. Care
is taken to exploit the wide-band nature of the Green’s functions to minimize matrix fill time
for multi-frequency analysis.

Chapter 8 describes the performance parameters that are available as output of the program.



Chapter 1

Fundamentals

This chapter documents the definitions for fields, potentials, and Fourier transforms that are em-
ployed in remainder of this document.

We restrict consideration to time-harmonic sources in simple, linear media, assuming and
suppressing a time dependence of e/“’. RMS phasers are used throughout, employing rationalized
MKS units. Thus, if V is a (complex) phaser voltage, then the corresponding function of time is
v(f) = V2Re {Ve/ '},

A right-handed Cartesian coordinate system is adopted, with x, y, and z axes, and unit vectors X,
¥,and Z. A point P = (x, y, z) is typically identified by the vector r = xX + yy + zZ which measures
the displacement of P from the origin.

The medium under consideration is characterized by its scalar, complex permittivity € [F/m]
and its scalar, complex permeability u [H/m], both of which may be functions of position, € = €(r),
u = u(r). Although these parameters are both positive for lossless media, in the presence of electric
and/or magnetic losses the imaginary part of € and/or u, respectively, is negative. Thus, € and u
both lie in the fourth quadrant (or positive real axis) of the complex plane.

For convenience we define the medium’s intrinsic wavenumber

k = wAJue (fourth quadrant) (L.1)
and intrinsic impedance
4
n=ple (Iargnl < Z)’ (1.2)

which, of course, vary with position if € or u do.
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1.1 Maxwell’s Equations and Potentials for Electric Sources

Under the assumptions listed above, and postulating the existence of only electric sources, Maxwell’s
curl equations (Ampere’s Law and Faraday’s Law) take the form

V x H=jweE +J (1.3a)
VXE=—jwuH (1.3b)

where E is the electric field vector [V/m], H is the magnetic field vector [A/m], and J is the electric
current density [A/m?]. When combined with the equation of continuity

V-J+jwge=0 (1.4)

we obtain the divergence relations
V.€E =gq. (1.5a)
V.-uH =0, (1.5b)

where ¢, is the electric charge density, with units of [C/m>®]. The fact that uH is divergenceless
leads to the introduction of the magnetic vector potential A having units of [Vs/m]:

w

Substituting (1.6) into (1.3b) we find that —F — jwA is curl-free, and so can be written as the
gradient of the so-called electric scalar potential ® [V]:

\E:-ij—VcD.\ (1.7)

To derive the differential equations for A and @ we begin with the identity
VXxVXxA=VXxuH=uyVxH+VuxH (1.8)

and use Equations (1.3a) and (1.6) to eliminate H:
1
VV-A-V?A = jweuE +pJ+V;1x(—VXA). (1.9)
u

Note that we also employed the identity Vx V x A = VV - A — V2A. Now eliminating E using
(1.7) we obtain

1
VA +K*A+Vux (—VxA) —VI[V-A+ jwued] =-ul. (1.10)
M

Since the divergence of the magnetic vector potential is as yet unspecified, we may apply the Lorentz
gauge, V- A = —jweud, and set the quantity in square brackets above to zero:

v
VA+i2A+ Exvxa=—uJ (1.11)
u
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Equation (1.11) is the fundamental wave equation for the magnetic vector potential under the Lorentz
gauge in an inhomogeneous medium.

An equation for ® is now obtained by employing the identity V:€E = E -Ve+€V - E in (1.523)
and then eliminating E using (1.7):

ge=E -Ve+€eV-E
=—(jwA+V®) Ve —-€V:(jwA+ VD). (1.12)
After invoking the Lorentz gauge this can be written as

VZCD+kZCI>+VCD.V6 :_@_ij-Ve‘
€ € €

(1.13)

Equation (1.13) is the wave equation for the electric scalar potential under the Lorentz gauge in an
inhomogeneous medium.

1.1.1 Piecewise Homogeneous Medium

Suppose that the spatial domain U of the boundary value problem for which Maxwell’s Equations
are to be solved consists of a disjoint union of a finite number N of homogeneous regions U;, as in
the case of a stratified medium:

(=

U=\ |U; (1.14)
1

and suppose that the permittivity and permeability of the ith region are the constants ¢; and y;,
respectively, with corresponding wavenumber k;. Then, for points within the ith medium, the terms
involving the gradient of the permittivity and permeability are zero, and the potentials within the

ith region are solutions to

VZA(l)_l_kle(l) :_#iJ’ (1158.)
V2ol + k200 = g /¢;. (1.15b)

If the ith region contains no sources, then the potentials in that region are solutions to the Helmholtz
equation:

v2A0 4 kl?A(i) =0, (1.16a)
v2p() 4 kl?q)(i) =0. (1.16b)

1.2 Maxwell’s Equations for Magnetic Sources
Under the assumptions listed in the introduction, and postulating the existence of only magnetic
sources, Maxwell’s curl equations (Ampere’s Law and Faraday’s Law) take the form

V x H = jweE (1.17a)
VXE=—jou - M (1.17b)
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where E is the electric field vector [V/m], H is the magnetic field vector [A/m], and M is the
magnetic current density [V/m?]. When combined with the equation of continuity

V-M+jowgnm=0 (1.18)

we obtain the divergence relations
V:.eE=0 (1.19a)
V-uH = gn, (1.19b)

where ¢y, is the magnetic charge density, with units of [Wb/m?]. The fact that eE is divergenceless
leads to the introduction of the electric vector potential F having units of [As/m]:

(1.20

Substituting (1.20) into (1.17a) we find that jwF — H is curl-free, and so can be written as the
gradient of the so-called magnetic scalar potential ¥ [A]:

\H:ij—VLP.\ (1.21)

To derive the differential equations for F and ¥ we begin with the identity
VXVXF=VXxecE=eVXE+VexE (1.22)

and use Equations (1.17b) and (1.20) to eliminate E:
1
VV-F—V2F:—jwe,uH—eM+Vex(—VXF). (1.23)
€

Note that we also employed the identity Vx V x F = VV . F — V2F. Now eliminating H using
(1.21) we obtain

1
V2F + k’F + Ve x (—VxF) ~VI[V:F - joue¥] =eM. (1.24)
€

Since the divergence of the electric vector potential is as yet unspecified, we may apply the Lorentz
gauge, V - F = jweuVW, and set the quantity in square brackets above to zero:

v
V2F+K2F + ~S x VX F = M. (1.25)
€

Equation (1.25) is the fundamental wave equation for the electric vector potential under the Lorentz
gauge in an inhomogeneous medium.
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An equation for ¥ is now obtained by employing the identity V- uH = H - Vu + uV - H in
(1.19b) and then eliminating H using (1.21):

qm=H -Vu+uvV-H
= (jwF - V¥) - Vu+uV-(joF - V?). (1.26)

After invoking the Lorentz gauge this can be written as

vV¥.vu qm+ja)F-Vu
J Ju uo

V2P 4 k2 + (1.27)

Equation (1.27) is the wave equation for the electric scalar potential under the Lorentz gauge in an
inhomogeneous medium.

1.2.1 Piecewise Homogeneous Medium

Suppose that the spatial domain U of the boundary value problem for which Maxwell’s Equations
are to be solved consists of a disjoint union of a finite number N of homogeneous regions U;, as in
the case of a stratified medium:

N
U = U Ui, (1.28)
i=1

and suppose that the permittivity and permeability of the ith region are the constants ¢; and y;,

respectively, with corresponding wavenumber k;. Then, for points within the ith medium, the terms

involving the gradient of the permittivity and permeability are zero, and the potentials within the
ith region are solutions to

VIFD 4 k2FYD = M, (1.292)

V2D k29D = g (1.29b)

If the ith region contains no sources, then the potentials in that region are solutions to the Helmholtz

equation:
VZFD 4 k2FD =0, (1.30a)
V2@ 4 k29 = o, (1.30b)

1.3 Duality

We note that the cases of electric-only and magnetic-only sources are duals. Any valid equation
involving electromagnetic quantities has a dual equation which can be obtained by applying the
following rules:

1. Interchange u and €.
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2. Electric quantities are replaced by their corresponding magnetic quantity.
3. Magnetic quantities are replaced by the negative of their corresponding electric quantity.

The mappings between original and dual quantities are given in Table 1.1.

] Original — Dual

B €

€—> U
k—k
n—1/n
E—-H
J—-M
F— A
oY
de — 4m
H — -E
M- -]
A — -F
Y- -d

dm — —qe

Table 1.1 Electromagnetic dual quantities.

1.4 Fourier Transform Definitions

1.4.1 One-dimensional Transform

The Fourier transform of a function f : R — Cis f = F{f}, where

f(k) = /_mf(X)e"""dx, (1.31)

so that .
fx) = i/ f(k)e I**dk. (1.32)
27 ) o

The completeness statement is

1 [~ ..
5(x) = — / et dk (1.33)
27 J_oo
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and Parseval’s relation is

[ rwgwar=- [ g wa

Finally, if
h(x) = / F()g(x—x') i’

then the convolution theorem states that
h(k) = f(k)g(k).

1.4.2 Two-dimensional Transform

The Fourier transform of a function f : RxR — Cis f = F{f}, where

f(kx’ky)=/ / fx, y)el Txtha ) dxdy,

so that . o meo
x,y) = — Fky, ky)e X)) gk dk,.
47_[2 y y

The completeness statement is

1 (o) (o] X
50080) = 5y [ [ etk at,

and Parseval’s relation is

[: [: f(xy)g" (x,y) dxdy = #[: [: F ks ky)@* (kx, ky) dkcdky.

Finally, if
h(x,y) = / / FOy)g(x -2y — y') de'dy’

then the convolution theorem states that

h(kyx, ky) = flkx, ky)g(kx, ky).

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)



Chapter 2

Periodicity, Reciprocal Lattice, Floquet Modes

This chapter discusses the direct and reciprocal lattice vectors, and defines the Floquet modes that
can exist in the dielectric regions.

2.1 The Direct Lattice

We consider a structure with discrete translational invariance in two space dimensions. The
periodicity is characterized by the direct lattice vectors s| and s;, a pair of real vectors satisfying

sl.é\:Sz-i:O’ AEi'S]XS2>0. (21)

The structure is invariant to a translation consisting of any integer number of shifts in the s or s,
directions. Such periodicity is exhibited by idealized models of frequency selective surfaces (FSSs)
and phased arrays, for example. This periodicity gives rise to the concept of the direct lattice, the
set of points p,,.,, = XX;un + ¥ Ymn satisfying

Pmn = mMS1 +nsy, for m and n any integers. 2.2)

A periodic structure and its direct lattice is shown in Figure 2.1.

2.2 Periodic Boundary Conditions and the Unit Cell

We now assume that an electromagnetic excitation of some type is applied to the structure. In the
case of a FSS, the excitation takes the form of an incident plane wave. In the case of a phased array,
the excitation may be an incident plane wave, or perhaps a set of incoming waveguide modes in each
of the excitation ports of the radiating elements. Denote the spatial variation of the excitation by
the function V(r). We insist that the function V satisfy the following quasi-periodicity condition:

V(r+ms| +nsy) = V(r)e ™/ m+m2) - for any integers m and n 2.3)
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Figure 2.1 A frequency selective surface consisting of a thin metal plate with hexagonal perforations, and
the associated direct lattice. The location selected for the lattice origin is arbitrary.

where 1 and ¥ are given real numbers, which we will refer to as the “unit cell incremental phase
shifts”. By the translational invariance of Maxwell’s equations and given the discrete translational
invariance of the structure, it is clear that all electromagnetic fields, charges, etc., resulting from the
given excitation must also satisfy (2.3), which we refer to as the “Floquet boundary condition.”

Since the fields throughout the structure satisfy Equation (2.3), it suffices to restrict consideration
to a single unit cell U, defined! as the set of points r satisfying

U={r: r=&s1+és0+2z, 0<¢&1,6 <1}, 24

where &1 and &; are the so-called “normalized area coordinates,” each constrained to the interval
[0, 1]. We seek a set of modes that can propagate in the unit cell, subject to an appropriate set of
boundary conditions to be stated below. Let E(r) be some rectangular component of electric or
magnetic field evaluated at a point r = Xx + ¥y + 2z = £151 + 28 + 2z within the unit cell. Then
the quasi-periodic boundary condition can be expressed as

E(s| + &80 +32) = E(&82 + 22)e ¥ (2.5a)
E(&151 +5$2+22) = E(&151 +£2)e ™/ (2.5b)

which must hold for all z and for all £; and &; in the interval [0, 1].

2.2.1 Mode Potentials

Following the formalism of Section 5.1 of [3], for both TE and TM modes we seek mode potentials
Y (p) = P(x,y) that satisfy the two-dimensional Helmholtz equation

VY 4+ k2W =0 (2.6)

I'The definition of a unit cell is not unique. The present definition is most useful for our purposes.
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within the unit cell in addition to the boundary conditions (2.5). To simplify the following derivation,
let f(&1,&) = V(€181 + &as2) = W(x,y). Then the boundary condition (2.5) satisfied by ¥ can be
expressed more simply in terms of f as

f(1,&) = £(0,6)e™ ) (2.7a)
f(€1,1) = f(£1,0)e7 (2.7b)
Note that f is periodic in &; and &, with unit period except for the progressive phase shifts ¢; and

Y. This motivates us to consider the function f (&, &)e’ (é1¥1+&¥2) which is indeed periodic and
can therefore be expanded in a double Fourier series:

f(f],fz)ej(fl vit+éryn) — Fnn o) (m2n&i+n2n &)
hps

=—00 N=—00

or equivalently

f(&1,6) = Z men e~ &1 (Yr+m2m)+ & (Yo+n2m) | (2.8)

We wish to write Equation (2.8) explicitly in terms of p = Xx + yy. Recalling that p = &5 + £282
and writing the relation in matrix form yields

[x} _ [slx Szx] [f]} (2.9)
y Sty 82y & )
Inverting, we obtain

[ 52y —szx] [x
| —S1y  Six | |Y

1

A

1 [ s2yx = s2xy }
A [—=Siyx + 5811y
1
A

_ s, X2 p
72XS1 p
1 ﬂ1‘P]
= 2.10
2n [ﬂz'P (2.10)
where 5 )
Vs R .
ﬁlzjszxz, ﬁ2:7ZXS1, (211)

are the reciprocal lattice vectors [4, 5] and A = Z - §1 X § is the area of the unit cell. Substituting
(2.11) into (2.8), we obtain the desired representation of the mode potential:

F€.6) =Py = D D fune PP (2.12)

=—00 n=—00
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Figure 2.2 The reciprocal lattice for the structure of Figure 2.1. Note that this lattice is a scaled and rotated
(by 90°) version of the direct lattice. Modes are located at the tips of the small, offset vectors. Propagating
modes lie within the dashed circle of radius k centered on the origin. The offset vector B, accounts for the
effects of the impressed phase shift.

where

ﬁmn :BOO +mﬂ1 +I’lﬁ2, (2133.)
Boo = Z—;Bl + %ﬂz- (2.13b)

We see that the mode potentials assume the form of a discrete set of plane waves for both TE and
TM modes. The cutoff wavenumber k. of a plane wave with transverse propagation vector 3,,,, is

given by
ke = Bmn = Vﬁmn 'ﬁmn- (2.14)

For a lossless medium a finite number of modes may satisfy k > (3,,,,; these are the propagating
modes. The remaining modes, comprising a denumerably infinite set, are cut-off (or evanescent).
The situation is depicted in Figure 2.2 for the structure of Figure 2.1.

Following the prescription given in [3], we may now write down the explicit forms of the modal
fields:



2.2 Periodic Boundary Conditions and the Unit Cell 12

2.2.2 TE modes
Oblique Incidence

We first assume that §,,,,, # 0, in which case the modal fields are

- TE 5
lP (p) = mn e_J mn P
" knBmn
Yinn = B — k2 (1st quadrant)
e _ 1 _ Jkn
YRR Ymn
(82 +59) - HIE (1) = ypne 7m0 9,1
= $j7mnq131€teiymnzﬂmn
- S B,

2 TE 2 TE +
<. Hmn(r) = ﬁmnq"mne*—ymnZ

— (TEBmn Bt yimnz
mn
kn

EE(ry=+2"82 x H,,,(r)

= C};lEne—jﬂmn‘Piymnzi X ﬁAmn
where we have used 8,,, = B,,,/Bmn.

Normal Incidence

In the case where £,,,,, = 0, we use the following convention:
Binn = %,

so that the final formulas in (2.15) remain valid.

(2.152)

(2.15b)

(2.15¢)

(2.15d)

(2.15¢)

(2.151)

(2.16)
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2.2.3 TM modes
Oblique Incidence
We first assume that 8,,,,, # 0, in which case

: . TM

+ .
WM () = JCmn_ =B P (2.17a)
YmnBmn
Yon = AB2n — k> (st quadrant) (2.17b)
1 'k
y™ _ _J (2.17¢)

ZM Y mn

(£2 +95) - E () = £y V, 901

= $].ymn‘"P;E\r/zleiymnzﬂmn

_ Cfnl\r/{ e I BmnPEYmnz an (2.17d)

2 EDI(0) =, W

= MO B 2.17¢)
Ymn
H™(r) = 7Y Mz x ETM(r)
— $C51hr/{YnTll;’Ae_jﬁm,n,'pi7mnzi X an (217f)

Normal Incidence

In the case where £,,, = 0, we again employ the convention (2.16), so that the final formulas in
(2.17) remain valid.

2.2.4 Mode Normalization

So far we have not specified values for the set of mode normalization constants {can;l} and {cLl\n/[ .
These can be specified in any convenient manner. We will choose a normalization that allows us to
easily interpret the incident and reflected traveling wave variables in terms of power transported by
the modes. Consider a source-free slab of the unit cell bounded by z = constant planes, filled with
homogeneous dielectric material. Taking account of the results of Sections 2.2.2 and 2.2.3, we see
that the transverse components of the most general electromagnetic field that can exist in this region
can be written as

(xAxA +5¥) - E(r) = Z epmn(X, y) (apmnei’ymnz + bpmne)’ng) 5 (2.18a)
(p,m,n)eS
(£ +99) - H(r) = > hpmn(%,3) (@pmne™"™"% = bpmne?™%) (2.18b)

(p.m,n)es
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where the summations are taken over the set of integer triples S = {(p, m,n) € {1,2} XZXZ},Zis
the set of all integers, p = 1 corresponds to TE modes, and p = 2 corresponds to TM modes. The
modal fields e, and h,,, are given explicitly by

€lmn = ClmnZ X ﬁmne_jﬂmn'l’ (2.19a)
€2mn = C2mnl§mne_jﬂm" P (2.19b)
hpmn = Ypmnz X €pmn (2.19¢)
where
Yimn = Y,I,E, Clmn = C;FnE;l (2.20a)
Yomn = Y;};ﬁ/{’ Comn = CB\V/{ (2.20b)

By virtue of the orthogonality of the Floquet modes (see Appendix A), the complex power P
traveling down the unit cell in the z direction can be expressed as a sum of the individual complex
powers transported by each mode:

// ExH" -ZdA

> @+ bpmn) @ = D) // € pun X 1+ £ dA
U/

(p,m,n)€eS

= Z [Iapmnl2 - |bpmn|2 —2jIm {apmnb;mn}] Ppmn (2.21)
(p,m,n)€eS

p

where U’ is the restriction of the unit cell to the plane z = 0, and

Ppmn = // €pmn X Wy - £ dA = |Cpn Y5 A (2.22)

is the complex power associated with each unit-strength positive-going mode. Its value depends
on the choice of mode normalization constant ¢ p,,,,, Which has not yet been specified. Note that if
P pmn 1s equal to 1, then the time-average (real) power carried down the guide in the +z direction
is just |@ pmn I>-1b pmn |2, consistent with the usual definition of traveling wave variables [6]. Such
a normalization is not possible, since in many cases of practical interest, Py, has zero real part.
Consider the case of a lossless medium with §,,,, > k. Then v, is pure real, so that Y, is
pure imaginary. It follows from Equation (2.22) that P,,,,, is pure imaginary, since A and |c |
are both pure real. Therefore, we content ourselves with setting the magnitude of P, equal to
Py = one watt:

Y*

pmn

—Py. (2.23)

P =
P Y pn
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Substituting (2.23) into (2.22) determines the value of the mode normalization constant (up to an
arbitrary phase):
Py

. _ (2.24)
ol =\ A

This choice results in a unitary scattering matrix for propagating modes in lossless media. It will
be convenient for later work to choose the phase of ¢ ., as follows:

Py
C = .
pmn AYpmn

(2.25)

where we agree to take that square root of Y, having positive real part.



Chapter 3

Generalized Scattering Matrix

3.1 Introduction

This chapter documents the form of the GSM (generalized scattering matrix) used in the PSSFSS
program and provides formulas for the scattering parameters of several canonical structures needed
in the analysis of an FSS (Frequency Selective Surface). These include a dielectric interface, a
dielectric slab, and the cascade interconnection of two FSS structures.

3.2 Definition of the GSM

We consider a structure with two-dimensional periodicity as described in Chapter 2. The structure
occupies the region z; < z < zp, as shown in Figure 3.1. It is bounded by the two half-spaces
denoted as Region 1 and Region 2. Each is characterized by its electrical parameters y;, €;, k;, and
n;, 1 = 1,2, which are the permittivity, permeability, intrinsic wavenumber, and intrinsic impedance,
respectively. Given the lattice vectors s; and s, and impressed phasings ¢; and i, as defined in
Chapter 2, we may expand the transverse fields in each of Regions 1 and 2 in terms of incident and

oW a®
=, —
Region 1: FSS/Radome Region 2:
€1, 11, k1,11 Structure €, U2, ka2, 12
¢ 6®
— —
21 22

Figure 3.1 A structure to be characterized by its GSM occupies the region z; < z < z. It is bounded on
each side by (possibly dissimilar) homogeneous, dielectric half-spaces.

16



3.2 Definition of the GSM 17

reflected Floquet modes:

N

(£2+55) - EV(r) = ) el (x,y) (af e @20 4 pDera’ e} )
g=1
Nl 1 1

(£% +95) - HV (r) = Z hél)(x,y) (a((jl)e_y‘(f N(z-21) _ bél)eyé )(Z—Zl)) , (3.1b)
g=1

) G @) 2 2) 2

#£+59) - EQ(r) = > el (x.y) (aq e¥i (@) 4 p ey <Z—Z2)), 3.1¢)
gq=1
Y @ 5

(#£+99) - HO(r) = > 0 (x.y) (_a5,2>en (=22) 4 p(D) g4 <Z—22>) . (.14
gq=1

Superscripted numbers in parentheses are used in Equations (3.1) as region designators. The sums
are taken over the set of modes in each region, which for convenience are enumerated with a single
index g, rather than the triple index (p, m, n) as was used in Section 2.2. We will make use of both
subscripting schemes, employing whichever is most convenient in a particular formula. Although
the limits on the sums should be infinite in principle, the numbers of modes in each region are
truncated to a finite value (N modes in Region 1 and N, in Region 2) so that a numerical evaluation
can be accomplished. In general the modes are sorted prior to enumeration so that those with the
smallest values of 8,,, are retained in the finite sums.

The generalized scattering matrix 8§ expresses the linear relationship between the incident and
scattered Floquet modal coeflicients evaluated at each terminal plane of the FSS structure. This
relationship is written in partitioned form as

ﬁ(])' 811 812 “(L(l)
[ﬁ(z) =182 82| |e® (3.2)
where
(0] 0] Bd B4
Ro D el )
-G/U) = aE]) s ﬁ(l) = bgl) y —G,(Z) = aEZ) s 6(2) = bEZ) 5 (33)
(1 (1) 2) @)
(9N, ] O, | 9N, ] O, |

and 8! € CNXNi 812 ¢ cNixN2 821 ¢ CN2XN1 822 ¢ CN2XN2 | We see that the entries of the 8!
and 822 matrices are reflection coefficients while those of 8'? and 82! are transmission coefficients.
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3.3 GSM of a Dielectric Interface

Consider the case where z1 = zp = 0 and there is no FSS present at the junction plane. The resulting
structure is then just the interface between two homogeneous half-spaces.

3.3.1 Wave Incident from Region 1

TE Mode Incident

The transverse components of the incident field are

. . (1) N

(#£+99) - B = ) omiBmnrrmniz x g (3.4a)
aAn  fn i D —iB. p—y) oA

(#2+59) - H™ =~ vV o=iBuno=vmnzg (3.4b)

The transverse components of the reflected field are

PPN 1 D —ig. oty a5

(£% + §§) - E*f = R§nzncgn)me IBmnptymniz x B (3.5a)
An L oA 1 1 D)~ pry) 25

@£ +59) - H =R\) V) y) omiBunprrmnzg (3.5b)

The transverse components of the transmitted field are

. . (2) A

(8% +95) - B =T()) |0} ¢ Ptz x B, (3.62)
. 2)_ A

(82 +§9) - HY = <T\0) ¢\ VI e~ /Pmr=vmef,, (3.60)

The unknown reflection and transmission coefficients Ri}lin and Tl(i)n are determined by equating
the total transverse electric and magnetic fields at each side of the interface:

(£% +§9) - [E™(0,0,0) + E*(0,0,0)] = (££ + §5) - E™(0,0,0), (3.7a)
(£% + §§) - [H™(0,0,0) + H™(0,0,0)| = (££ + $5) - H™(0,0,0). (3.7b)

This procedure results in the following system of equations for the transmission and reflection

coeflicient:
(2) (1)
Cimn 72 _ NVimn )

() _ “lmn _
LR, = — 5T\, = = T (3.8a)
1mn Lmn
2 (2 (2
Y Y
1 _ Clrmnt tmn 2 _ Imn .(2)
L= Ry = 55 T = ~ =T (3.8b)
Imn~ 1lmn Y

1mn
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where we have made use of Equation (2.25). One can easily solve for Rizn by dividing the equations
and recalling that

1-x 1-y
Y 1+x * I+y (39
The result is
(1) () (2) (1)
R(l) — Ylmn B Ylmn — Zlmn B Zlmn (310)
Imn Yl(l) +7® 7@ L 7D
mn 1mn Imn 1mn
() [y [7(D) (2
T(z) _ 2 Ylmn Ylmn _ 2 Zlmn Zlmn (3 11)
mn = LM y@ M 0 ’
Imn Imn 1mn 1mn
TM Mode Incident
The transverse components of the incident field are
. . 1) _ A
(#% +§9) - E™ = ) omiPmnp=rmnzg (3.12a)
an . an i g oA
(#£+99) - H™ =) v\V) e=iBmnpvmnzp g (3.12b)
The transverse components of the reflected field are
2D AN 1 —7 . (1) A
(% +§9) - E™ = Régncénine IBmnptymnzg (3.13a)
R R . . (1) ~ A
(8% +99) - H™ = =R} ¢} Y, ) e IPmntrmniz x B, (3.13b)
The transverse components of the transmitted field are
. 2)_ A
(82 +§9) - B =Ty ) ey /Pt rmep,, (3.14a)
AA An . v (2) A A
(£2 +§9) - H™™ = =T ) ¥\2) e /om0 Yiniz x B, (3.14b)

When the total transverse fields are equated at the plane z = 0, we again arrive at the set of
equations (3.8) for the unknowns Rézn and Tz(i)n Therefore, the TM reflection and transmission
coeflicients for a wave incident from Region 1 are identical to the TE coefficients:

(1) (2) (2) (1
(nH _ Y2mn B Y2mn _ ZZmn B ZZmn (3 15)
2mn (1) 2 7 50 (n ’ )
Y2mn + Y2mn ZZmn + Z2mn
fy()  [y(2 (D (2)
T(z) _ 2 YZmn Y2mn . 2 ZZmn Z2mn 316
wn = TN L@ 0 L, (3.16)
Y, ' +7 Z +Z

2mn 2mn 2mn 2mn
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3.3.2 Wave Incident from Region 2
TE Mode Incident

The transverse components of the incident field are

. . (2) A

(fx'\ +j’\j7\) . EFinc — Cgi)me—lﬁmn'l’*'ymnzﬁ xﬂmn (3173.)
) . @) _ A

(82 + ) - H = ¢| Vi e /Pntrrmip,, (3.170)

The transverse components of the reflected field are

An L oon F 2) (2 B, p—vDn B

(X% +§§) - E™ = Rinzncin)me JBmnP=Ymnig x B (3.18a)
PPN 2) (2 2) B p—y?D A

(££+99) - H* = R 2y o=iBpnr=rvinzf (3.18b)

The transverse components of the transmitted field are

. (1) A
(£%+99) - E™ =TV o\V) o=iBmntymnig x g (3.192)
PN () () B, pry)z A
#2+59) - H™ =T'D D yD) o=iBunptymnzg (3.19b)

Equating the total transverse electric and magnetic field across the z = 0 plane results in the
following system of equations for the transmission and reflection coefficient:

(1) y®

C
14RP = gD X (D (3.20a)
(2) “lmn Llmn
! vy
mn 1mn
(1) (1) (1)
c Y Y
1—R® — Jdmnimnp(h) _ N_lmn,(1) (3.20b)

1mn (2) (2) " 1mn 1lmn*
¢ 1mn Yl mn A [ Yl(rzn)n
We note that these are identical to Equations (3.8) with the roles of Regions 1 and 2 reversed.

Therefore, the solution is

@ _yh L0 _,0

2) (1) 1mn 1mn 1mn 1mn
R® = R _ - , (3.21)
tmn =" =@ "y (0 70 0
mn 1mn 1mn Imn
(2) (D) (2) (D
(1) (2) 2\/Y1mn\/Y1mn 2\/Zlmn\/zlmn
Tlmn = Tlmn = 2) (1) = 2) ) (3.22)
Y, +Y VARG VA
mn Imn 1mn 1mn

TM Mode Incident

The results for TM incidence are identical to the TE case, as they were for a wave incident from
Region 1.
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3.3.3 Summary

Considering the results of Sections 3.3.1 and 3.3.2, we can write the GSM of the dielectric interface
in the following form:

a® gT
where
0 _ @ _ Yramana =Yoo
1) _ 2) _ " PqMqlq PqMqhq
Req = Rqq= y( 2 Papy Omgmy Ongng» (3:242)
PqMmgnq PqMmgng
2.y \/Y(2>
PqMgng PqMqnq
T, = D = Db Omagmy Ongnys- (3.24b)
PqMgnq PqMmgnq

Note that even though the matrices I, RV, and R? are diagonal, I is not square, unless
N1 = N»; i.e., the number of modes used in Regions 1 and 2 is the same. Only in this case is it true
that R = - V.

It is also important to realize that the two radicands in Eq. (3.24b) must not be combined under
a single radical, since, for general complex numbers a and b, Vab # \aVb.

3.4 GSM of a Dielectric Slab

We consider the case where Regions 1 and 2 are identical, there is no FSS present, and z, —z; = L.
In this case we will always insist that N = N; = N (same number of modes in each region). It is
simple to see that all reflection coeflicients are identically zero, and the transmission coefficients
are just the propagation factors of each mode:

0 o
S = P 0 } (3.25)
where & is the propagator matrix [7]
P = diag {e rmiml, e Vmml Vvl (3.26)

3.5 GSM of a Cascade

In this section we consider the cascade connection of a pair of FSS structures as shown in Figure 3.2.
We have two FSS structures A and B, with the Region 2 terminal plane of A coinciding with the
Region 1 terminal plane of B. The scattering matrix for A is & and the scattering matrix for B is
9. Note that the number of modes used in Region 2 of device A must equal the number of modes
used in Region 1 of device B. In fact, these two regions are really the same region, and the Floquet
modes defined for each device for this common region are in fact identical.
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o a® @ ®
— — — —
A B
AL LAY L ASY) 6?
— - — -

Figure 3.2 A structure consisting of a pair of FSS structures connected in cascade.

The goal of this section is to find the scattering matrix 8 that relates o (" and @ ? to 6D and
6 under the interconnection condition:

Y] [0 F|[e®
o] =15 3] [l 621
where ¥ is the identity matrix. Each device satisfies its own scattering relation:
ﬁ(l) -Sﬂll dlZ _GJ(I)
[6(3)} = Lﬂzl &122] [a(?’)} (3.28a)
&@ Al @12 [a@
[6(2)} = [%21 %22] [a(z)} . (3.28b)

In light of (3.27), it is useful to partition the scattering relations (3.28) in the following manner:
AL a0 1[le® 42 0 1[a®

ﬁ(2)] = [ 0 %22:| |:“G/(2):| + [ 0 9321:| |:a(4):| (3293)
YA A2t 0 o a2 0 PC)

[5(4)] = [ 0 %12} ﬁ1(2)] + [ 0 %11] [a(4)} . (3.29b)

Equating (3.27) and (3.29b), one can solve for < and ™ in terms of @ and - (?:

R A T |

*G/(4) g _%ll 0 %12 _G/(2)
'cgll %12 &121 0 -ﬁj(l)
= g2! %22] [ 0 %12} lﬁ(z)]

(3.30)

'(‘glleI (‘612%12 -ﬁ/(l)
= @2l g2! %22%12} [a(2)]
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where
gl @2 a2 g 1!
[%21 cgzz} = [ g _%11}
%II(J_&QZZ%II)—] (3_93“9122)_1
= [ (J—dZZ%“)_I d22(J—%“Sﬂ22)_1:|’ (331)

a result obtainable using [8, Exercise 1.3.12]. For conciseness, we make the following definitions.

?AB = (j _ .91229311)—1, gBA = (J _ %119122)—1 (3.32)
0 that 11 12 11 AB BA
| | B € €
[%21 %22] = gAB A22gBA (3.33)
and (3.30) can be written as
o® _ R llgAB 2! ©BAgy12 oM (334
‘01(4) - @ABle wZchBA%IZ a(Z) : :
We can now substitute (3.34) into (3.29a) to obtain
ﬁ(l) &111 0 &112 0 %llgABdZI ?BA%IZ 'G/(l)
8@~ 0 B2 + 0 2! €AB g2! A2€BAGg2|[ | 6@
dll + dlzg;)llgABle dl2chA%12 'G/(l)
= |: %213A3m21 %22 +%21d22£BA%12:| _G/(2):|
so that the composite scattering matrix is
811 812 &111 +m12%11<§AB&121 wl2chA%12
S = [821 822] = GB2lgAB 2! %22+%21d22<gBA%12] : (3.35)

The result in (3.35) is sometimes written as § = o x B where x is the Redheffer star product [9].

3.5.1 Device A is a Dielectric Slab

In the case where device A is just a dielectric slab, we have

(3.36)

3

P 0

where & is defined in Equation (3.26). €48 and €24 both reduce to the unit matrix, and the
formula given in (3.35) for the composite scattering matrix simplifies to

1 gl2 1 12
[8 S }:[9393 P PR } (3.37)

821 822 %2195 %22
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3.5.2 Device B is a Dielectric Slab

In the case where device B is just a dielectric slab, we have

P 0 (3.38)

% - [0 95]
where &P is defined in Equation (3.26). €48 and €24 both reduce to the unit matrix, and the
formula given in (3.35) for the composite scattering matrix simplifies to

|:811 812:| |: dll &11293 :|

s 82| 7 g Py (3.39)



Chapter 4

Mixed Potential Green’s Functions for Abutted
Half-Spaces

In this chapter, we derive an efficient method of evaluating the potential Green’s functions for a
geometry consisting of the abutment of two dissimilar half-spaces. The formulas derived herein
will be used as the asymptotic forms for those of Chapter 5, which deals with multiply stratified
media.

The structure for which the potential Green’s functions are desired consists of two layers, as
shown in Figure 4.1. The coordinate system origin is located in the interface between layers 1 and 2
and the z axis points into layer 2. Both layers are semi-infinite in the z direction and translationally
invariant in the x and y directions. Each layer i = 1,2 is characterized by a complex permittivity
€; and permeability y;, each of which lies either in the fourth quadrant of the complex plane, or on
the real axis. The medium intrinsic wavenumbers are k; = w+/u;€;.

We will use the shorthand notation Z to denote the double sum Z Z .

m,n Mm=—00 n=—00
Region 1: z <0 Region 2: z > 0
€1, 11, ki, mi €2, 12, k2, M2
z=0

Figure 4.1 The two-layer structure for which the Green’s functions are desired.

25
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4.1 Derivation of Modal Series

4.1.1 Magnetic Vector Potential

The assumed source is the electric current density

Jr)==% Z o(r—p' —msy — ns,) e (myiiny2) “4.1)
m,n
where, as usual
r=%x+yy+%z (4.2a)
p=Xx+3y (4.2b)
r'=%x"+39y +27 (4.2¢)
p =xx"+3y. (4.2d)

The electric current density J can also be expanded into a series of Floquet modes as follows:

) ; /
J(r) = x"% Z e~ IBmn-(p=p) 4.3)
m,n
The surface current density is
0 ! B (oo
T = [ Irydz =g 3 e @4)
- m,n

The region i magnetic vector potential A¥) satisfies the Helmholtz equation
2, 12y4 0
(V2+kHAW =0, (4.5)

the radiation condition as |z| — oo, and the following interface conditions at z = 0 obtained from
the fundamental boundary conditions on E and H:

AL = 4?2, (4.6a)
1 1
—A = —aP, (4.6b)
M1 M2

10AY 1942
_ _ =%-Js (4.6¢)
M1 0z po 0z

1 8A§C1)+8A§1) 1 aA§2>+aA§2>
k% Ox az | k% 0x 0z |-

(4.6d)
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It is well known that the interface conditions require two components of A. We follow the
standard procedure and choose AW = .x?Ay) +ZA E’). Writing A as a series of Floquet modes we

have . . . . o
YEESY (x AD L 235,’,11) ¢~ IBun (=P~ Va2l 4.7)

m,n
W = B — k2 4.8
Ymn = ﬁmn an i* ( . )

Because the modal expansions consist of a series of orthogonal functions, each term (mode)

must independently obey the stated boundary conditions. To satisfy (4.6a), let Af,f,{ = A,(,f,{ = Amn.

To satisfy (4.6b), let Bﬁ,’&, = Uibmn. The series for A can then be written as

where

. - ’ (i)
A(l) - Z (famn + f,ulbmn) e_]ﬁmn'(p_p )_'Ym,n,lzl. (49)

m,n

From (4.6¢) we obtain

1 1 1
_’Yr(n]r)lamn + _YIS’lzl’)lamn =
A
so that .
+
A = % % (4.10)
MH1Ymn + H2Ymn
where )
j= K2 @.11)
M1+ 2

From (4.6d) we obtain

1
H1€]

. 1 . 2
(_J,anxamn + ')/r(nr)z M1 bmn) = (_.],anxamn - ')/r(nr)l /Jmen)

H2€2
where By = £ « B,,,- After some algebraic manipulations the expression for b,,,, is obtained.

b M€~ e —J Bmnx (4.12)

mn — 2 1 2 1
A (€175 + €y (1Y Sor + 2y oo

4.1.2 Scalar Electric Potential

Using the Lorentz gauge the electric scalar potential ® is

oD ()= —L _y.a0
WU;€;
J . ‘ PPN )
= L 3 (=7 Bmcctn — Vi sgn (i) € o0 (413)
WHi€ £~
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To aid in simplifying this summand, let us define F) = —jB.a — y'9 sgn(z)u;b, where for
simplicity we have temporarily omitted the subscript mn. Proceeding with the algebra:

—JBx H1H2 y D sgn(z)pi(pi€1 — poe)
A,Uté'l Ml'y(z) +#2'y(1) (El'y(z) + 62')’(1)) (ﬂl)’(z) +ﬂ2'y(l))
pipoery? + ey — y D sgn(z)pi (1€ — poeo)

FO =

= 4.14
I Apiei (€YD + ey D) (u1y® + uay M) 19
Evaluated in Region 2 (z > 0) this expression becomes
FO = _jg, ey + pimeyV -y (e - we)
A& (617 + ey M) (1Y@ + oy )
piery® + piey ™ -y (uie - 1e)
Y Ae (ay? +eyW) (1Y@ + pupy ™)
- _ip 1y + ppy® @.15)
T i @y @+ ey D) (uy® + pay ) '
A similar derivation for Region 1 yields
FUO = _jg ey + ey +y W (u1e - we)
T Ae (e1y® + ey D) (1Y@ + pay ™)
- _jB pry D + oy @
YA (ey® + ey D) (1Y@ + pry™)
=F®, (4.16)
The expression for @ is therefore
: (1) (2) y=iBun*(P=P") =i 2]
(i) _ L . (ﬂ17mn +ﬂ27mn)e m
OOr) = 22 DB “.17)

(E Ymn t 627mn)(ﬂ17mn + U2V mn
From the equation of continuity we find that the electric charge density ¢, that gives rise to @ is
j j oY ’ ’ j ’ 7’ ’
e ="V J ="V [£6(x —x)8(y —y)6()] = =6"(x —x)5(y —y)8(2) (4.18)
To determine an expression for the Green’s function G?® for the electric scalar potential, note that

o) = [[[ 6% - ro) gt avi - OGN g OGN ) )

ox’ w Ox

so that o
067 v (4.20)
0x Jj
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Comparing (4.17) and (4.20) we conclude that the expression for the Green’s function is

(1) (2) .
Go(r-p') = 1 (21 + 62)(11“7"1" +é127m" 1 e—jﬂmn'(P—P/)—%(y';lel 4.21)
2EA L (€17 + €Y m) (1Yo + 12V o

€1+ e
2

where € =

4.1.3 Summary of Source Plane Potentials

For convenience we list here the four potential Green’s functions that will be required for the
moment method analysis. Those for the electric vector potential F and magnetic scalar potential ¥
are obtained from those of A and @, respectively, via duality.

n_ H M1+ Mo — By (p=p’
Ghlp=p) =57 D G ¢ P (4.22)
m,n M1Ymn t M2V mn
1 (e1+€) (1Yo + 12V s B (pp
D mn mn JBimn*(P=p")
GHp=p) =224 2 DIVNG M, ° (4.22b)
m,n (617mn + 62’)’mn)(/~11’ymn + 12V mn
, 3 €1+ € i (o—0
Gfx(P—P)Z—ﬂ — o m¢ 7Bn(P=£') (4.22¢)
m,n €E1Ymn t €Ymn
G¥(p-p') = (11 + 12) (€17 + €2V B -(p=p") 429d
P=P)= 504 @ Dy @, (° (4.22d)
m,n (ﬂlymn + ,u27mn)(517mn + €Ymn
where 5 5
+ +
/1=M, g:ﬂ, g:ﬂ, ﬂ:u. (4.23)
U1+ U 2 €1+ e 2

It should be noted that these series represent only a formal solution of Maxwell’s equations. They are
at best only conditionally convergent and are completely unsuitable for direct numerical evaluation.
In fact, it is easy to see that these series can not be absolutely convergent, for as p — p’ the Green’s
functions increase in magnitude without bound, a singularity that is proportional to 1/||p — p’|. Tt
is desirable to extract this singularity as an explicit term, so that it can be integrated in closed form,
as in [10]. The next section describes the technique used to perform this extraction and accelerate
the series for efficient evaluation.

4.2 Series Acceleration

We now manipulate the series in Equations (4.22) to arrive at an efficient, wide-band formulation.
In the process, the Green’s functions will be expressed as the sum of several absolutely, uniformly
convergent series. Our strategy is to find the first few terms of an asymptotic expansion of the
summands in a suitably chosen variable. Applying a Kummer’s transformation, these terms are
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subtracted from the original summand, leaving a spectral sum with greatly accelerated convergence.
The sum of the asymptotic terms is then accelerated by means of the Poisson transformation (which
converts it to a spatial sum) after which it is recombined with the spectral sum. A careful choice
of the expansion variable ensures that all sums are rapidly convergent and provides the wide-band
capability described below.

The basic idea used here is based on the approach presented in [11], where a first-order Kummer’s
transformation is applied to the free-space periodic Green’s function. The technique was extended
to a second-order transformation primarily by Kim McInturff of Raytheon Electromagnetic Systems
Division and was presented in [12] and [13]. The extension of the technique to periodic sources in
stratified media is due to the present author and was first presented in [14].

4.2.1 Kummer’s Transformation

Let u > 0 be an appropriately chosen positive smoothing factor; define

Kmn = \|Bmn * Bmn + 4> (4.24)

and
Wi = Wit €) = NWPie + 2 = K42, 0= 1,2 (4.25)
so that
. W 2
D = Yo (i €0) = W = 1 = P pti€s = |1 - (K l ) (4.26)
mn

The original summands in (4.22) will be expanded in series of reciprocal powers of k,,,. The
smoothing factor u should be chosen large enough to ensure that the spatial series of asymptotic
terms converges rapidly, yet small enough so that after only a few terms, the differences between
the original summands of (4.22) and their asymptotic expansions are negligible.

Consider first the summand for magnetic vector potential given in (4.22a):

_ Hi+ o _ M1+ (2
Amn(ﬂ]’el,MZ’ 62) = - (2) (])
W Ymn(p2, €) + o Ymn (15 €1) 12 4 iy )
1 M1+ U2

Kmn H14/ 1- W%/K%nn + H24/ 1- W%/K%nn

An asymptotic expansion of the summand A,,, for large «,,, can be found by determining the first
few coefficients in the MacLaurin series of the function

M1+ 2
,ul\/l - w%x2+,u2\/1 — wix?

4.27)

f(x)=x (4.28)
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This task was accomplished with the aid of a computer algebra system with the result

Amn = -+ 2 1003, (4.29)

Kmn  Kpmn

where

iw?(pa, €) + pow?(u1, €1) _ f1w3 + pow;
2(u1 + p2) 2(p + )

cr=1, c3(u, €, m, €)= (4.30)

Now consider the summand for the electric scalar potential Green’s function, Equation (4.22b).
1 2
(&1 + €2) (11 Yy + 12 Yo

2 1 2 1
(1750 + 7o) (1Y b + 2V oo

2 2
| (61+E2)(ﬂ1\/1—,:vz—l+ﬂ2\/1—,::2)

q)mn =

— 4.31)
Kmn 2 2 2 2
| e
A MacLaurin expansion of this summand in the variable 1/« yields the result
dy dj _
Oy = — + S+ 0(x;2), (4.32)
mn mn
where
dy =1, (4.33a)
2 2 2 2
w5(2€1 + ) —wie] + wi(€er +26) — wie
by, €1, o, €0) = L2261+ @) Zwiell + (e +26) = e (4.33b)

2(u1 + p2) (€1 + €2)

The potential Green’s functions can now be written as (note that we are showing the explicit
dependence of the Green’s functions on the material parameters of Regions 1 and 2):

, B u c3 (e,
G2.(p—p'smem.e) = fi {EMl(m,el,uz,ez) +— | 251 + wzsz}} (4.34a)

Ar

u?

, 1 u d3 (€.,
G®(p = p'im.crma) = {zMzm,ﬂ,m,ez) o [Bsit Mzsz]} (4.34b)

, . u caleLu, e,
Gfx(P - Pl m,e) = —€ {ZMI (et 1. e2.m0) + i [Zs] + WZ&H (4.34¢)

d3(enpmenp)

251 + ) 252]} (434(1)
u

u
{ZMZ(El,m,Ez,#z) +—
dr

=i -

G\p(p - Pl§#1,€1’#2,€2) =
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where

1
Epi (X1, y1,%2,y2) = — Z

2A
m,n
X1 +x 1 _03(x1,y31,x2,y2) B0 (435
X1Ymn (X2, Y2) + X2¥Ymn (X1, Y1) Kmn K

1
Zp2(x1, Y1, X2, ¥2) = A Z
m,n

l (V1 +Y2) (X1Vmn (X1, Y1) + X2Ymn (X2, ¥2))
1Ymn (X2, ¥2) + Y2Vmn (X1, Y1) (X1Vmn (X2, ¥2) + X2Ymn (X1, ¥1))

L _ dS(xl’xs’yl’yZ) e~ IBmn(P=p") (4.36)

Kmn Kmn
2 1 ~JBrn-(p—p")
Ys1(x1,y1,%2,¥2) = " Z e JBmn (4.37)
o Kmn
2ru 1 —JBmn*(P=p")
Zs2(x1,y1,02,2) = — = ) ——e o (4.38)
m,n Kmn

The modal series X1 and X, are in a form suitable for direct numerical evaluation. They are
absolutely convergent since their summands decay as (y(’) ). Considered as a function of p — p’,
they are uniformly convergent and extremely smooth, since all of their singularities have been
subtracted off. This suggests that an efficient method of evaluation is to tabulate the series on a
grid of points in the unit cell using the fast Fourier transform (FFT). Then, a low-order bivariate
interpolation scheme can be used to evaluate the functions at arbitrary points in the unit cell. More
will said on this topic later, in Section 5.4.

The (soon to be) spatial sums Xg; and Xg, are still slowly convergent, especially Xg; which is
at best only conditionally convergent. However, they are in a form suitable for application of the
Poisson summation formula, as discussed in the next section.

4.2.2 Application of the Poisson Transformation

We now wish to accelerate the convergence of the double sums

|(524m)B1+(524n)8, |-(o-p")
S1=5 AZ . (4.39)

mn
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for [ = 1 and 3. For m and » defined as real variables, let
—J[( 1+m)ﬂ1+( )ﬁz] (p=p")
24 [H( em) i+ (L +n) B 402

Then by the Poisson summation formula [15, p. 139], [16]
Si = Z Ji(m,n) = Z Fi(2mm, 27nn)
m,n m,n

where .
Fi(Z,m) =/ / fi(m, n)el €M1 dpm dp.
Let
yzf—;+m and v:g—;+n,
SO

oI n) o e - j(uB s () il v
Fl(f,ﬂ)=T‘/ / dudy

2
(luBy +vBylI” +u?)!r?
In order to proceed we now introduce the change of variables

upy+vPBy =Xk, +yky, =k.

The differential elements of area in the k -k, and u-v planes are related as follows:

472 472
— =dudv—
Isixsall A

Recalling the properties of the direct and reciprocal lattice vectors

ﬁ]'S]ZZﬂ', ﬂl-SQZO
ﬂ2°S2:27T, Bz'SlZO

dkx dky = dudv [|B) X Byl = dudv

we see that
u=k-si/(2r), v=k-s2/(2n),

so that Equation (4.44) can be written as

~j( e+ n)
e , {s1+nsy
Fl((ﬂ])=—4ﬂ B (P—P T o

e str dk, dk
B = — x
1p) = //<||k|| 2y

where

(4.40)

4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47a)
(4.47b)

(4.48)

(4.49)
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The form of the integrand in (4.49) immediately suggests a transformation to polar coordinates:
kx=kycos0, ky=k,sinf
xX=pcos¢, y=psing

2 —]kppcos(ﬁ b)
Bi(p) = 2ﬂ/ / RCEYETE k, d6 dk,,

_ / Aok e (4.50)

o (K2+u?)l/2™"

yielding

which is recognized as a Hankel (Fourier-Bessel) transform that depends only on p = ||p||. The
case [ = 1 is givenin [17, Eqn. (5.15.9)]:

© Jo(kp) eup
B = ——k,dk, = . 4.51
I(P) 0 (k%+bl2)l/2 pPErp P ( )
B3 is easily evaluated by noting that
aBl(P) — _e—up
ou
0 © Jo(k
- M k, dk,
ou Jo (kl% +u?)l/2
oo JO(kpp)
= —u/o —(k%, T k, dk,
= —uB3(p) (4.52)
so that |
Bi(p) = —e7"P, (4.53)
u
We then have
Fi(2rm,2nn) = _J(m‘/’1+"w2)Bl(p w) (4.54)
4x
where
Pun = P — P’ —ms| —ns> (4.55)

is the vector from the (m, n)th translational image of the source point to the observation point. The
spatial series are thus given explicitly by the formulas:

e_“pmn .
g = e~J (myn+nyn) (4.562)
o UPmn
Yoy = Z o~ WPmn p—J (myn+nin) (4.56b)
m,n

Let us take note of the following facts regarding these series:
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» The free-space singularity is explicitly recovered in the m = n = 0 term of the first series in
Ys1 and XZgy.

* The summands exhibit exponential decay with p,,,. An astute choice of u will assure
convergence using only a few rings in the summation lattice.

* These series consist of frequency-independent terms, which are then multiplied by the
frequency-dependent constants c¢3 and dz before being combined. Therefore, it is possi-
ble to compute the contribution of the frequency-independent sums to the interaction matrix
that occurs in the moment method procedure once, prior to sweeping the analysis frequency.
These contributions can be weighted appropriately and combined at each desired analysis
frequency, avoiding redundant calculations and saving large amounts of execution time. In
this sense the formulation of the periodic Green’s functions can be said to be “wide-band.” If
this approach is pursued, it makes sense to choose u relatively small, so that the convergence
of the modal series is enhanced, since these will have to be evaluated at each frequency while
the spatial series will be evaluated only once.



Chapter 5

Green’s Functions for Multiply Stratified Medium

In the previous chapter, a method was derived to efficiently evaluate the potential Green’s func-
tions for a geometry consisting of the abutment of two half-spaces under quasi-periodic boundary
conditions. This chapter extends the results to handle an arbitrary number of dielectric slabs.

The structure for which the potential Green’s functions are desired consists of N layers, as shown
in Figure 5.1. The structure is laterally invariant, with each dielectric layer being homogeneous and

Junction 1 Junction 2 Junction N - 3 Junction N — 1
Junction 3 Junction N — 2
N\ |

Layer Layer Layer Layer Layer Layer

1 2 3 N-=-2 N-1 N
(u1,€1) (2, €2) (13, €3) eee | (un-2:en-2) | (uN-1,€N-1) | (UN-€EN)

pa— h(2) h(3) pa— h(N—Z) — s f— h(N—l) —
<1 22 23 IN-3 IN-2 IN-1

Figure 5.1 The structure under consideration is a stack of N > 2 dielectric layers. Layers 1 and N are semi-
infinite in extent. For 2 < i < N — 1, layer / lies in the region z;_; < z < z;, is of thickness hD =z — 71,
and is characterized by permeability u; and permittivity ¢;.

isotropic. Each layeri = 1,2, ..., N is characterized by a complex permittivity ¢; and permeability
Ui, each of which lies either in the fourth quadrant of the complex plane, or on the real axis. The
medium intrinsic wavenumbers are k; = WA/l €;.

We will conntinue the use of the shorthand notation Z to denote the double sum Z Z .
m,n

m=—00 n=—00

36
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As in Chapter 4 we are interested in determining the potential Green’s functions G4, (p —
0.2.7),GE (p-p'.2,7"),G®(p-p’.2,7"),and G¥ (p - p’, z, 7’) evaluated for both observation
point z and source point z’ located at one of the interface planes: z =z’ = z;, s =1,2,...,N—1.To
accomplish this task we will make use of the transmission line Green’s function (TLGF) formalism
of [18]. Therefore, we must first determine the relationship between the quasi-periodic Green’s
functions and those discussed in [18]. We investigate this relationship in the next section.

5.1 The Discrete Spectrum of Quasi-Periodic Functions

Let us suppose that we are given the complex-valued function f : R — C and its two-dimensional
Fourier transform f : R> — C. They are obtained from each other by the transform relations

~ . 1 ~ .
flk) = // f(p)e™fdxdy,  f(p) =1 // Fk)e " dky dk,y, (5.1)
R2 477'2 R2
where p = £x + Jy and k = £k, + yk,. We now define a quasi-periodic! function f), as

Fp(p) = 3 f(p = msy = nsy)e T menez) (5.2)

with Fourier transform fp. We are interested in determining the relationship between fp and f.
Applying the transform integral to f,, and interchanging the order of summation and integration
we obtain

fl’(k) Z / f(p—ms; — nsz)e_j(m‘/’1+”l//2)ejk-p dx dy
m,n RZ

—j(l’l’ll//1+l’ll//2) jk'(p+ms1+ns2) dx d
e s y

m,n

- Z o—J (myn+nin) , jk-(ms +nsz) '// f(p)ejk'p dx dy
m,n R?

= f(k) Z e~ d (my+nyn) , jk-(msi+nsz) (5.3)
m,n

We now recall the reciprocal lattice vectors

2w . 2,
,31=XS2XZ, ,82=7z><sl, (5.4)

where A = ||s; X 52| is the unit cell area, and make use of the property B, - 54 = 276 g, P.q €
{1,2}. We also introduce the change of variables k = €8, + 8, + By, Where

_pg_ ¥
Boo —ﬂ12ﬂ +.3227T (3.5)

Quasi-periodic” because of the incremental phase shifts | and ¥, applied to the otherwise periodic function.

le
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so that (5.3) becomes

Fo(EBy +1Ba+ Bo) = F(EBy + 1B+ Bog) Y ¢ (M1 o (ERrsnsbio)-(msins)
m,n

f(fﬂl +18, + Byo) Z e—J (my+ngn) ,jmQ2ag+yi)+n(2ain+yn)]

m,n

FEBL +nBs+ Boo) Y 27 mesnm)

F(€By + 1By + Boo) D, 6(& = m) (7 =)

(mPBy +nPy + Boy)o(§ —m) 6(n —n)

f
F(Bun)d (€ —m)S(n —n) (5.6)

m,n
m,
where we have used the well-known Fourier series representation of a train of delta functions and

defined ﬂmn = mﬁl + I’lﬂz + ﬁoo.
The area element in the spectral domain is

472
dky dky =dédn (|8 x Byll = a dé dn (5.7

and the inversion integral applied to (5.6) becomes

1 g ik -
()= //szp(’”e"" P dk, dk,
1 £ .
= Z ”//Rz ;lf(ﬁmn)d(f - m) 6(7’] — n)e_l(§ﬁ1+7”]ﬂz+ﬂ00).p df dn

1 - .
=4 S F (B B, (5.8)

Equation (5.8) is the important, well-known result that the quasi-periodic function f, can be recov-
ered by sampling the spectrum of the corresponding “isolated” function f at locations determined
by the reciprocal lattice and impressed phasing. It allows us to find the potential Green’s func-
tions for the quasi-periodic array of point sources in the multilayered structure from the spectral
representations of the isolated-source Green’s functions presented in [18].
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5.2 Potential Green’s Functions (Electric Sources)

5.2.1 Magnetic Vector Potential

According to [18] the Fourier transform of the magnetic vector potential Green’s function (for an
isolated source at p’ = 0) is

N 1
G2 .(k,z,7) = j—wViTE(k,z,z’) (5.9)

where we have multiplied their result by pg to be consistent with our definition of the potential
Green’s function, and V'™®(k, z,2’) is the TE transmission line Green’s function (TLGF) for the
voltage observed at z due to a unit current source at z’, using an equivalent circuit appropriate for
a plane wave whose dependence on the transverse spatial variables x and y is of the form e /K,
From Equation (5.8) we then find that

’ 1 —7 (p-p’
G?x(p - P2 25) = ]a)_A ZViTE(ﬂmne Zs,2s)e 7B (P p). (5.10)
m,n

5.2.2 Scalar Electric Potential

According to [18] the Fourier transform of the so-called “scalar potential kernel” (for an isolated
point charge associated with a horizontal current source at p’ = 0) is
_ —Jjwe

R®(k.2.2') = ——= [V (k.2.2) = V™M (k. 2.2)] (5.11)

where ViTM( k, z,7’) is the TM transmission line Green’s function (TLGF) for the voltage observed
at z due to a unit current source at z’. Dividing by €y to be consistent with our definition of the
potential Green’s function and using Equation (5.8) we obtain

—Jjw ViTE(Bmst’ZS) _ViTM(ﬂmn’ZSeZs)
A Biin

G®(p-p' 25 25) = e B (p=P) (512)

5.2.3 Evaluation of Transmission Line Green’s Functions

Referring to Equations (5.10) and (5.12) we see that the problem is reduced to evaluating the
TLGFs ViTE and ViTM. The equivalent transmission line circuit needed to accomplish this task is
shown in Figure 5.2. The equivalent circuit consists of a series of cascaded transmission lines, each
characterized by its modal characteristic impedance Z f,i,),m and complex attenuation constant y,(,’lzl
The termination impedances at the ends of the structure are equal to the characteristic impedances
of the respective semi-infinite lines, and the entire structure is excited by a unit current generator
located at z = z;. To calculate ViTE, the modal impedances of the TE Floquet modes are used in

the equivalent circuit; for ViTM we employ the TM modal impedances. The desired quantity is the
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AR B AR k= n0) — = plstD) — ke p(N=1) 5
T—< J—e—{ -®®® o - ¢ e _|:|_T
2 3 s s+1 N-1

[€)) Z[(ﬂ’le’l Z;rzm Z;()sn)m (ﬁA Zz(asr:lrn) Zl(amn ) (N)

Zpmn| ' 2) (3) o G e (N-1) [Zpmn
')/mn mn YMH ymn YMH

l—< —e—1 -® ®°® ——1 -® e -|:|—l

I I I I

| | | |

7] 22 Is IN-1

Figure 5.2 Equivalent transmission line circuit used to find transmission line Green’s functions. We set p = 1
when evaluating V'® and p = 2 for V™. Superscripted quantities in parentheses are region designators. m
and n are modal indices associated with the transverse variation of the modal fields.

voltage across the structure at z = z;. Since we have a unit current generator at z = z, the voltage
there is equal to the total impedance at that point:

1 Z (zs) zZ (zs)
‘/ip(ﬂmn’ZS’ Zs‘) = Zg):nn(zs) = ] N 1 - pmn\ss pmn\<s , (513)

men(zs) + men(zs)

= =3
men (zs) men(zs)

where p takes on the value 1 (TE) or 2 (TM), and (Z pmn(2s) and Z pmn(Zs) are the impedances seen
looking to the left and right, respectively, at z = z;. These latter quantities are easily determined
using the following recursive formulas derived from elementary transmission line theory:

Zpmn(21) = Zhn (5.14a)

Z . (@) @) 7 (i)
. Z Zi-1) +Z tanh(y,,;;, 1
Z‘—p n(Zi) _ ZI(,l) . pmn( i 1) pmn (7 n )

5 pa ——, i=23,....5 (5.14b)
Z%n +Z pmn(zi-1) tanh(*y,&i%h(l))
Zim(ax-1) = Zomn (5.14c)

(i21) Z pmn(Zi41) + Zpymy tanh(y s D)

men(zi) = men . - . )
Zim + Z pn(2i21) tanh(yjon ) hG+D)
i=N-2,N-3,...,s. (5.14d)

5.2.4 Series Acceleration

At this point, we have expressed the Green’s functions for the magnetic vector potential and electric
scalar potential as a pair of modal series, as given in Equations (5.10) and (5.12). In order to
accelerate the convergence of these series we need to examine their asymptotic behavior. Note

that the summands for both V;'® and V™ involve Z pmn(zs) and Z pmn(2s), both of which are of a
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similar form: -
Zpmn(25-1) + Z3, tanh(y ) R

Zpmn(2s) = Zpn (5.15)

Z5hn + Z pmn(25-1) tanh (ySnh(s))
The behavior of this quantity for large values of the spectral variables m and n is determined by
examining the following asymptotic representation of the hyperbolic tangent function:

e—2x

1-
tanhx:m~ (1—6_2X)X(1—6_2X+€_4x—€_6x+"')

=1-2e +2e™ —2e7 0% 4 ... (5.16)

from which we see that the hyperbolic tangent function rapidly approaches unity for large arguments.
In fact, one can approximate tanhx ~ 1 for x > 7 with an error less than 2 x 107°. Therefore, the
large argument approximation to the transmission line Green’s function (assuming that the layers
on each side of the source plane are of nonvanishing thickness) is
(s) >(s+])

Vp(ﬂ ) N men men
i \Pmno> Ls> s () (s+1)
Z + Zpmn

pmn

5.17)

which, when substituted into Equations (5.10) and (5.12) results in exactly the same formulas
as presented for the two-layer Green’s functions of Chapter 4. We conclude that the asymptotic
behavior for the Green’s functions is exactly the same as for a two-layer structure consisting of the
regions on either side of the source plane, infinitely extended. The acceleration technique is thus
the same as that presented in Chapter 4.

The source-plane potential Green’s functions can now be written in their final, accelerated form

as
’ ~ u 63 SsCssMs+15Cs+
Gox(p =P 25.25) =u{2m1 t o |Zsie Ly s I)Esz]} (5.18)
1 d 5>CsosMs+1-Cs+
G®(p-p 25 25) = —_{Emz+i l251+ 3 e e 1)252}} (5.18b)
€ ar u
where
1 2VTE(ﬂmn’ ZS’ZS) 1 c3(/~‘szssﬂ?+l’fv+l) 1 /
Sl = N Z - _ : st & eI Bmn*(P=p") (5.19a)
m,n Ja):u Kmn Kmn
1 . _ViTM(an’ s ZS) - ViTE(ﬁmnv Zss Zs)
ZmZ:ﬂmZ 2jwé e

Kmn K;,m

L _ d3(ps, €511, €511) )e—jﬂmn'(P—P') (5.19b)
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and

i = 2HsHse1 E= M (5.20)

Ms + Hse1 2
The symbols c3 and d3 used above are defined in Equations 4.30 and 4.33.

5.3 Potential Green’s Functions (Magnetic Sources)

5.3.1 Electric Vector Potential

Using the definitions from Chapter 1, we can obtain the expression for the electric vector potential
via duality from that of the magnetic vector potential:

’ ’ -1 N o—7 (p—p
GE(p-p.2.7)= M—AZIVTM(,an,z,z Yo iBun+(p=p") (5.21)

m,n

where I'™(B,,,,» 2, ') is the transmission line current at z’ due to a unit series voltage source located
at z’ for the TM equivalent circuit.

5.3.2 Scalar Magnetic Potential

Using duality to transform the scalar electric potential we obtain

_jw IVTM(ﬁmn’ <, Z/) - I\TE(ﬂmn’ <, Z,) e_jﬁmn,'(P_P')

(5.22)
A m,n Brznn

Gly(p - p/’ <, Z/) =

5.3.3 Evaluation of Transmission Line Green’s Functions

The equivalent circuit for the magnetic source Green’s function differs from that of the electric
sources. In the integral equation formulation, it is assumed that a perfectly conducting wall is
inserted at z = z,, with the sources impressed at both z; and z{. Therefore, we will require two
pairs of potential Green’s functions, denoted as G, G¥, GE_, and G”. The former two are due
to sources impressed at z; (to the left of the ground plane) and the latter two are for sources at z{
(to the right of the ground plane.) The equivalent circuits for the left- and right-looking sources
are shown in Figure 5.3. Since we have unit voltage sources driving each equivalent circuit, it is

apparent that the source currents are just admittances, so that

va(ﬁmna s Zs) = Ypmn(Zs)’ va(ﬂmn, s Zs) = Ypmn(Zs)- (5.23)
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Figure 5.3 Equivalent transmission line circuits used to find magnetic source transmission line Green’s
functions. We set p = 1 when evaluating I'F and p = 2 for I™.,

These admittances are easily found using the following recursive formulas derived from elementary
transmission line theory:
Ypmn(2n-1) = Yo (5.24a)
— i+1 i+1 R
_ G+ Y pin (Zis1) + Yy tanh(yion’ h 0D

Ypmn(2i) = A : :
T )+ Vomn(zisn) tanh (s 1GD)
iI=N-2,N-3,...,s. (5.24b)

“—

Ypmn(z1) = Y, (5.24¢)
Ypmn(zi-1) + Y,(;’rin tanh(y,(,iglh(i))

Y+ Yy (zi1) tanh (y 5 ()
i=2,3,...,s. (5.24d)

v _ (D)
Ypmn(Zi) = Ypmn

5.3.4 Series Acceleration

The asymptotic form of the magnetic source Green’s functions summands are equal to twice
the summand for a similar source radiating in a homogeneous medium, with permittivity and
permeability equal to either Region s (for left-looking sources) or Region s + 1 (for right-looking
sources.) Applying the acceleration techniques of Chapter 4 then results in the final formulas

Gfx(p _p/’ s> ZS) = Gfx(p _pl7 s ZS) + ng(p - p” s> ZS)

ué e+l
=€ | F— Ty ko 4 (5.252)
ey 2nue
GY(p-p'25:20) =G (p—p25.2) + G (p— p'. 25, 25)
(s) (s+1)
d d
= — |y, v By s Sy, (5.25b)
Mo 2ru HMs Ms+1
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where
T =
- — _ (s) (S+1)
1 Z YZmn(Zs)' +Yomn(zs) %K};]n _ &0 &G K’;"ﬂ e~ IBmn*(p=p") (5.26a)
A Jweg €0 €0
m,n
I =
1 (Y_z (z )+}72) (zs) . < it
1 Z mn(Zs) mn\Zs k(2) + jowpo [Yimn(zs) + Yimn(z)1] | B
A m,n Jweo
(s) (s+1)
2#0 -1 (d3 d3 ) _3 _.ﬂ ,( _ /)
-l — ol —=— + —=— |« e/ PmnP=p (5.26b)
a m Hs pser |
and
cgl) = c3(€i, Mis €5 i), d§’) = d3(€, i, € M) (5-27)

5.4 FFT Evaluation of the Modal Difference Series

The modal series in (4.35), (4.36), (5.18), (5.19), and (5.26) represent extremely smooth functions
of p — p’, since their singularities have been subtracted out. Therefore, an efficient and accurate
method of evaluating them is to tabulate and then interpolate using a low-order bivariate polynomial
interpolation scheme, such as [19, Eq. 25.2.7]. Here we consider a method of rapidly tabulating the
functions over the unit cell using the Fast Fourier Transform (FFT).

The modal series are all of the form

(o8]

flp-p)= Z Z f(m,n)e_j(ﬁoo*'mﬁl*"lﬂz)'(p_p,). (5.28)

m=—00 n=—00

We introduce the change of variables

p—p =&s1+és0. (5.29)

It is clear that for any points p and p’ in the unit cell, the difference vector p — p’ can be represented
by Equation (5.29) with —1 < &1,& < 1. We can further restrict evaluation of the series to the
range 0 < &1, &> < 1 by making use of the translational formula

F((E+m)si + (&2 +n)s2) = 7 ) F(£451 + £r8) (5.30)
which holds for any integers m and n. Given p — p’ one can easily determine &; and &; using

1

§i=2—ﬂi-(p—p’), i=1,2. (5.31)
JT
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With (5.29), the series in (5.28) becomes

f(&181 + &289) = eI (G1vi+E2n) Z Z fom n)e—ﬂﬂ(mfﬁn-fz).

m=—0o0 n=—00

M—tland-F <n<f -1,

We now assume that the summand is nonzero only for -5~ <m < 3 -
where M and N are some convenient integer powers of 2. Then
Mo K-
f(&1s1 +E89) = eI (E1n+&ryn) Z Z f(m’n)e*ﬂﬂ(mflmfz)
m=—4 p=-10
= o/ (&1+&yn) foo M, N e J27l(m="7) &i+(n-7) &1
(m-.n-5)
m=0 n=0 : ’
M-1N-1
-j -M -N -j2
= ¢ I & (N-Mm)+& (Ya-N 7)) Z f(m—%,n—%)e 2r(m&i+ndy) (5.33)
m=0 n=0

Finally, we restrict evaluation to the set of points

-1, &=qg/N, ¢g=0,1,2,...,N-1

& =p/M, p=0,1,2,....M

so that the expression for the sum becomes

p q )
=S+ =52 =
f(MS] st

M-1N-1
i — M — N —-j2 M N
el P (m=y1/M)+q(7n—yn/N)] Z Zf(m—%,n—%)e j2r(mp/M+ng/ )’
m=0 n=0
qg=0,1,2,...,N-1. (5.34)

p=0,1,2,....M—1,

The double sum in (5.34) constitutes a two-dimensional discrete Fourier transform (DFT). It can be
evaluated efficiently for all desired p and ¢ values via a single application of the two-dimensional

fast Fourier transform (FFT) using the facilities built into Julia.



Chapter 6

Calculation of Incident Fields and GSM Entries

6.1 Introduction

In Chapter 5 a method was presented to efficiently evaluate the potential Green’s functions for a
multiply stratified medium under quasi-periodic boundary conditions. In order to make use of the
Green’s functions in a periodic moment method procedure, it is also necessary to compute the
incident fields and pick off the scattering matrix entries for the multiply stratified medium. This
chapter provides the framework for these tasks.

We will assume that the single FSS sheet is located at interface number s, located between
layers s and s + 1, where 1 < s < N.

6.2 Electric Current Unknowns

6.2.1 Calculation of Incident Fields

In this case the incident field is the field that would exist in the structure in the absence of the
unknown electric currents (and the metalization which they represent). That is, the incident field
is the field present in the pure radome case, with primary excitation from an incoming normalized
Floquet mode with unit excitation coefficient.

There are two cases to consider. In the first case, the primary excitation is a Region 1 Floquet
mode propagating in the +z direction. In the second case, the exciting wave is a Region N Floquet
mode propagating in the —z direction.

Region 1 Incidence

The primary excitation is a plane wave incident from Region 1 with transverse electric field given
by
ef!) (x, y)e " e (6.1)
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Figure 6.1 Equivalent transmission line circuit used to find incident electric field for a plane wave incident
from Region 1.

where ¢ is the modal triple index ¢ = (pg,mg,ng). The transmission line equivalent circuit for
determining the incident field present at any desired junction plane is shown in Figure 6.1. We
choose the generator voltage V, = 2 to supply a unit incoming voltage wave. The total incident
(both incoming and reflected) electric field at z = z; is then

- . V,
I E™(x.y.21) = V(zey (x.y) = 5 (1+Sp)eq” (x.) (6.2)

where Sgllq is the partial GSM entry due to the incident fields. We can find V(z;) using the
transmission line equivalent circuit. The voltage and current at the junction plane z = z; are

7 v,
V(z1) = # I(z1) = % (6.3)
Z(z)) + 2" Z(z)+z

>
where Z (z;) is the impedance seen looking to the right at z = z;. The right-looking impedances
seen at the junction planes are easily determined using the following recursive formulas derived
from elementary transmission line theory:

Z(na) = 2V 6
Z(l+1) Z(ZH.I) + Z(l+1) tan h(’y(l+1)h(l+1))

2(z) = (i+1) (1) (i41)
Zg; '+ Z(zl+1) tanh(y, " 'h )
i=N-2N-3,... 1. (6.4b)

A similar recursive procedure can be used to calculate the equivalent circuit voltages and currents
at each of the remaining junction planes:

V(Zl)

Z(Zl)
i=2,3,...,N-1. (6.5)

V(zi) = V(zio1) cosh(yS  R@D) = 0 1(z;_1) sinh (P 0D, 1(z;) =
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Figure 6.2 Equivalent transmission line circuit used to find incident electric field for a plane wave incident
from Region N.

The total incident (both incoming and reflected) electric field at z = z; is then

(1)

¥ inc _ (1 _ q (s)
I, -E™(x,y,z5) =V(zs)ey, (x,y) = V(zs) ) ¢4 (x,y), (6.6)
C
q

where we used the fact that eél)/cé]) = eés)/cés).
The partial transmission scattering parameter (due to the incident field) Sfllq is obtained from
the equivalent circuit voltage at z = zy-1:

I-E™(x,y,2n-1) = V(zn-ey” (x,y) = Siieq” (x.y). (©6.7)

Since e,(ll)/c,(ll) = e,(IN)/c,(IN) we find that

(1

q

Tk (6.8)
q

C
Saq = Vizn-1)

C

Region N Incidence

The primary excitation is a plane wave incident from Region N with transverse electric field given
by
ef (x,y)er" EawD (6.9)

where ¢ is the modal triple index ¢ = (pg,mg,ng). The transmission line equivalent circuit for
determining the incident field present at any desired junction plane is shown in Figure 6.2. We
choose the generator voltage V, = 2 to supply a unit incoming voltage wave. The total incident
(both incoming and reflected) electric field at z = zy -1 is

I E™(x,y,zv-1) = Vizn-Ded (x,y) = (1+52)elM (1, y) (6.10)
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where Sfﬁ] is the partial GSM entry due to the incident fields. We can find V(zny-1) using the
transmission line equivalent circuit. The voltage and current at the junction plane z = z—; are

VoZ(zn- -V,
Vianar) = o ZEN liN), Ien-1) = o (6.11)
Z(zn-1) +Z4 Z(zn-1) +Z4

where Z (z;) is the impedance seen looking to the left at z = z;. The left-looking impedances seen
at the junction planes are easily determined using the following recursive formulas derived from
elementary transmission line theory:

7 — 7D

Z(z1) = Z4 (6.12a)
E(Zi-l) + Zéi) tanh(yéi>h(i))

Z(z) =2z
T 0.y )7 (i)Y
Zg' +Z(z;—1)tanh(yg, h")
i=2,3,...,N—1. (6.12b)

A similar recursive procedure can be used to calculate the equivalent circuit voltages and currents
at each of the remaining junction planes:

V(z) = V(zin) cosh(yg ™ h) + 2V 1(zp01) sinh (g AED),
1(z;) = =V(z)/ Z(z:)
i=N-2,N-3...,1. (6.13)

The total incident (both incoming and reflected) electric field at z = z; is then

(N)
_ . Cc ]
I, E™(x,y,2,) = V(zo)ed" (x,y) = V(zy) o el (x,y), (6.14)
Cq

where we used the fact that eéN)/cgN) = eé”l) /c‘(]”l).

The partial transmission scattering parameter (due to the incident field) S }1%] is obtained from
the equivalent circuit voltage at z = z;:

I E™(x,y,20) = V(zey" (x,y) = Siel (x.). (6.15)

Since eéN)/cgN) = eél)/cgl) we find that

(N)

Cc
Sie = V(zl):(—]). (6.16)
q
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Figure 6.3 Equivalent transmission line circuit used to find scattered fields. We set p = 1 when evaluating
VIE and p = 2 for V™. Superscripted quantities in parentheses are region designators.

6.2.2 Calculation of (scattered) GSM entries

We now assume that the electric surface currents Js on the FSS sheet located at z = z; have been
obtained using the method of moments. We seek expressions for the outgoing wave coefficients
{b((ll)} and {béN)} in the scattered field expansions

)
Dble e e (caz
E(x,y,2) =1 4 . (6.17)
S BN el (e D (25 2y ),
q

These coefficients are the partial GSM entries due to the scattered (radiated by the induced surface
currents) fields. Using the results of [18] we find that they are given by

p
Vi q(ﬂmq,nq’ 21, 2s)

by = ~tg - J(Bu,.n,) i (6.18a)
Acy
. s VI (B, s IN-15Zs)
SRS R ML T 19
Acy

where fq is the modal polarization vector defined in (7.38), and Vip is the transmission line Green’s
function for the voltage due to a unit current source for either the TE (p = 1) or TM (p = 2)
equivalent circuit, shown in Figure 6.3. Since we have a unit current source at z = z, the voltage
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there is equal to the total impedance at that point:

0 1 (Z Is Z s
Vi”(ﬂmq,nq,zs,zs)=Z“(zs): 1 — = (z) (), (6.19a)

Z(z5) + Z(25)

— +=
Z (zs) Z (zs)
‘/ip (ﬁmqan’ ZS’ ZS)

I (B iy % 25) = - : (6.19b)
Z(zs)
_Vp(ﬂm n 7ZS’ZS)
1P (B ny» 250 2) = ——— : (6.19¢)
Z(zs)

With the voltage and current known at zg, one can apply (6.13) fori = s —1,s - 2,...,1 and
(6.5) fori =s+1,s+2,...,N — 1 to determine Green’s function voltages needed to evaluate
Equations (6.18).

6.3 Magnetic Current Unknowns

6.3.1 Calculation of Incident Fields

In this case the incident field is the field that would exist in the structure in the absence of the
unknown magnetic currents, but in the presence of the unperforated ground plane at z = z;. That
is, the incident field is the sum of the incoming and reflected (due to the ground plane) waves, with
primary excitation from an incoming normalized Floquet mode with unit excitation coefficient.

There are two cases to consider. In the first case, the primary excitation is a Region 1 Floquet
mode propagating in the +z direction. In the second case, the exciting wave is a Region N Floquet
mode propagating in the —z direction.

Region 1 Incidence

The primary excitation is a plane wave incident from Region 1 with transverse magnetic field given
by
BV (x, y)e " @2 (6.20)

where ¢ is the modal triple index ¢ = (pg,mg,ng). The transmission line equivalent circuit for
determining the incident magnetic field present at any desired junction plane is shown in Figure 6.4.
We choose the generator current /, = 2 to supply a unit incoming current wave. The total incident
(both incoming and reflected) magnetic field at z = z; is then

1
I - H™(x.y.21) = 1)y (n.y) = 21 = Spihy” (x.5) (6.21)
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Figure 6.4 Equivalent transmission line circuit used to find incident magnetic field at z = z, for a plane wave
incident from Region 1.

where Sélq is the partial GSM entry due to the incident fields. We can find I(z;) using the
transmission line equivalent circuit. The current and voltage at the junction plane z = z; are

I(z1) = f—g, V(zi) =

1 — (6.22)
1+ Z (z)rs" 1+ Z(z)rY

o
where Z (z;) is the impedance seen looking to the right at z = z;. The right-looking impedances
seen at the junction planes are easily determined using the following recursive formulas derived
from elementary transmission line theory:

Z(251) = 2 tanh(yy" h ) (6.23)
2040 Z (zi) + 204V tanh(y(l“)h(lﬂ))

2 (zi) = (i+1) (+1) ) (i41)
Zy+ Z (zi+1) tanh(y, " h )
izs—25-3,. .1 (6.23b)

A similar recursive procedure can be used to calculate the equivalent circuit currents and voltages
at each of the remaining junction planes:

I(z;) = I(zi-1) cosh(y" D) = ¥V (zi1) sinh(y R D), Vi(z) = 1(z) Z (z2)
i=2,3,...,5 (624)

The total incident (both incoming and reflected) magnetic field at z = z; is then

)
L - H™(x,y,2,) = 1(z)hy (x.3) = 1(z,) (l)h‘%c ¥, (6.25)

where we used the fact that cgl)hél) = c‘(;)h‘(;).
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Figure 6.5 Equivalent transmission line circuit used to find incident electric field for a plane wave incident
from Region N.

The partial reflection scattering parameter (due to the incident field) S (lilq is obtained from the
equivalent circuit current at z = z;:

I-H™(x,y,21) = I(z)h (x,y) = (1= SLRED (x, ), (6.26)

so that
Seu =1-1(z1). (6.27)

Region N Incidence

The primary excitation is a plane wave incident from Region N with transverse magnetic field given
by
—h{V) (x, y)er" e (6.28)

where g is the modal triple index g = (p4,my,n,). The transmission line equivalent circuit for
determining the incident field present at any desired junction plane is shown in Figure 6.5. We
choose the generator current I, = 2 to supply a unit incoming current wave. The total incident
(both incoming and reflected) magnetic field at z = zy -1 is

I-H™(x,y,2v-1) = Ien-Dh{Y (1, y) = (52 - DAY (x,y) (6.29)

where S(% is the partial GSM entry due to the incident fields. We can find V(zny-1) using the
transmission line equivalent circuit. The current and voltage at the junction plane z = z—; are

-1 ~I,Z(zn-1)
= £ ™’ V(zn-1) = <_g ™
L+ Z(zn-1)Y, L+ Z(zn-1)Y,

I(zn-1) = (6.30)

where (Z(zi) is the impedance seen looking to the left at z = z;. The left-looking impedances seen
at the junction planes are easily determined using the following recursive formulas derived from
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elementary transmission line theory:

Z(ze11) = Z8D tanh (y 5D pG+D) (6.31a)
Z(L) Z(Z, 1)+ Z(l) tanh(y(l)h( )

Z(z) = i=s+2,5+3,...,N—1. (6.31b)

Z0 + Z(zi1) tanh () 10 )

A similar recursive procedure can be used to calculate the equivalent circuit currents and voltages
at each of the remaining junction planes:

1(z7) = 1(zi41) cosh(yy VD) + YDV (z341) sinh (v R0,
V(zi) = —1(z:)Z(z)
i=N-2,N-3...,5. (6.32)

The total incident (both incoming and reflected) magnetic field at z = z; is then

(s+1)

I H™(x,y.2,) = 1)k (. y) = 1(z) 2 BS* (x, ), (6.33)

M)
Cq

where we used the fact that c(N)h(N) (SH)h{(ISH).

The partial reflection scattering parameter (due to the incident field) S(ZI%I is obtained from the
equivalent circuit current at z = zy_1:

T-H"™(x,y,2nv-1) = I(an-Dhy" (6,9) = (S5 = DR (x,9), (6.34)
so that
Sy =1(zn-1) + 1. (6.35)

6.3.2 Calculation of (scattered) GSM entries

We now assume that the magnetic surface currents oM at z = zo —0 and —oMg at z = z, + 0
have been numerically determined, where o = 1 for a primary wave incident from Region 1 and
o = —1 for a primary wave incident from Region N. We seek expressions for the outgoing wave
coeflicients {bél)} and {b((IN)} in the scattered field expansions

. ()
> bk (x, yyela ) (z<z1)

H%(ry.2) = 4 _ (6.36)
Z b hgY (x, We I Em) (25 2y ),

q
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Figure 6.6 Equivalent transmission line circuits used to find scattered fields. We set p = 1 when evaluating
ITE and p = 2 for I™. Superscripted quantities in parentheses are region designators.

These coefficients are the partial GSM entries due to the scattered (radiated by the induced surface
currents) fields. Using the results of [18] we find that they are

1) ;P
Tcg 10 By ng» 215 25)

by =2 x iy (B, 1, B, (6.37a)
(N) yPq
s - ocg L (B, n,»IN-152s)
N =5 xi, - M(B,.,.n,) ’;c; ng (6.37b)

where 17 is the transmission line Green’s function for the current due to a unit voltage source for
either the TE (p, = 1) or TM (p, = 2) equivalent circuit, as shown in Figure 6.6, and Pp = 1 W.
For either the left-looking or right-looking equivalent circuit, we have a unit voltage source at 7 = z;
so that the current there is equal to the admittance seen at that point:

V Bigings2s+2s) = =L IV (B ny» 25+ 2s) = Y(25) = 1/ Z(z5), (6.38a)
Vi By 2s:2) =1 I By 250 2) = Y (25) = 1/ Z(25). (6.38b)

With the voltage and current known at zg, one can apply (6.32) fori = s —1,s —2,...,1 and
(6.24)fori = s+1,5s+2,...,N — 1 to determine Green’s function currents needed to evaluate
Equations (6.37).



Chapter 7

Moment Method Formulation

In this chapter we describe a procedure for determining the induced electric or magnetic surface
currents on a single-sheet FSS (frequency selective surface) located at one of the junction planes in
a multiply stratified medium, when excited by an incident plane wave. The analysis is performed
using the method of moments, employing a space-domain formulation of the potential Green’s
functions, which are described in previous chapters. Once the equivalent induced surface currents
have been determined, the single-sheet scattering parameters can be extracted using the formulas
presented in Chapter 6. Scattering parameters of more complicated structures consisting of several
cascaded FSS sheets interlaced with dielectric layers can be determined from the individual sheet
scattering parameters using the results of Chapter 3. The following novel features are incorporated
in this analysis:

* The use of a wide-band expansion of the stratified medium periodic Green’s functions has
been incorporated into the moment method procedure, greatly reducing the time needed to
compute the elements of the interaction matrices. This technique was first reported in [14].

* Modifications have been introduced into the triangle subdomain basis functions of Rao,
Wilton, and Glisson [2] to enable representation of currents that cross unit cell boundaries.
This work was previously reported in [20].

The FSS is located in the interface plane z = z; of the multiple layered structure shown in
Figure 7.1. The structure is laterally invariant, with each dielectric layer being homogeneous and
isotropic. Each layeri = 1,2, ..., N is characterized by a complex permittivity € and permeability
ui, each of which lies either in the fourth quadrant of the complex plane, or on the real axis. The
medium intrinsic wavenumbers are k; = w+/u;€;. We will assume that the single FSS sheet is
located at interface number s, located between layers s and s + 1, where 1 < s < N.

In general, we can model a zero-thickness, perfectly conducting FSS using either electric or
magnetic currents as the unknowns. In the former case, the metalization is removed, and the
support!of the unknown electric surface current consists of the region previously occupied by the

I'The support of a function is defined as the closure of the set of points where the function takes nonzero values.

56
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Junction 1 Junction 2 Junction N — 3 Junction N — 1
\ Junction 3 \ Junction N — 2
N\ }

Layer Layer Layer Layer Layer Layer

1 2 3 N-=-2 N-1 N
(k1. €1) (2, €) (13, €3) eoo | (UN-2.6n-2) | (un-1.6N-1) | (UN,€N)

— h(2) h(3) — h(N*Z) e h(N*l) —
21 22 23 IN-3 IN-2 IN-1

Figure 7.1 The structure under consideration is a stack of N > 2 dielectric layers. Layers 1 and N are semi-
infinite in extent. For 2 < i < N — 1, layer { lies in the region z;_| < z < z;, is of thickness A =7 — 74,
and is characterized by permeability u; and permittivity ¢;.

metalization. In the latter case, the entire interface plane z = 0 is replaced with a zero-thickness
PEC (perfect electric conductor) and the support of the magnetic current is the portion of the plane
formerly not occupied by the PEC.

One generally chooses the type of equivalent currents employed in a given problem so as to
minimize the area of the currents’ support, and thus the number of unknowns to be solved for in the
MoM problem. For aperture-type elements magnetic currents are usually selected; for wire-type
elements electric currents are the natural choice. In the case where an FSS is constructed of lossy
material, we are forced to use electric currents as the unknowns.

7.1 Electric Current Mixed Potential Integral Equation

In this section we consider an FSS that is modeled using equivalent electric surface current. This
choice is convenient when less than half of the unit cell area is occupied by metal or when the FSS
is etched onto a sheet of lossy material.

The boundary value problem to be solved is [21]

Zy(p)Js(p) —I.-E¥(p)=1,-E™(p), (p€S) (7.1)

where E*° is the scattered electric field due to the equivalent currents flowing on the surface S of the
FSS, E inc is the incident electric field (the plane wave, including incident, reflected, and transmitted
components, that would exist in the absence of the FSS), Z; is the surface resistance of the FSS
sheet material, and I, = ££ + §§ is the unit surface dyadic. In terms of potentials this becomes

Z,(p)Js(p) + [jwA(p) +VO(p)] - I, = E™(p)-I,, (p€S) (7.2)
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where the potentials can be expressed as superposition integrals using appropriately defined Green’s
functions (Chapter 5) G4, and G®:

LA = [[ Ghp-p) - dup)as (1.3)
®(p) = // G®(p—p) qe(p))dS. (7.4)

In (7.3) and (7.4), Js and g, are the unknown induced electric surface current and surface charge
densities, respectively, which will be determined by enforcing Equation (7.2) in an approximate
manner using the method of moments. We use the triangle subdomain basis functions of Rao,
Wilton and Glisson [2], suitably modified so as to accommodate the periodic boundary conditions
encountered in the unit cell analysis.

7.1.1 Basis Functions

We now enunciate a few important definitions and and properties of the basis functions in order to
establish notation. The support of J is first partitioned into a number of triangles. In [2] a basis
function is defined over each pair of triangles which share a common edge. In this work, we include
not only these adjacent pairs of triangles, but also those pairs of triangles which would be adjacent
if one of the pair were translated by s or s, from its actual position.

Consider first a typical pair of adjacent triangles; their common edge is not on the boundary of
the unit cell. Figure 7.2 shows two such triangles, 7,;. and 7,,, which comprise the support of the
mth basis function and which share an interior edge of the triangulated surface. Points in 7)), may
be designated by either the position vector » which locates them with respect to the global origin, or
by p;,, which is defined with respect to the free vertex of 7). The vector p;,, is defined similarly for
points in 7,,, except that it is directed fowards the free vertex of 7,,. Which of the two triangles is
designated “plus” and which is “minus” depends on an arbitrary choice of positive current reference
direction for the mth basis function. Positive reference current flows across the edge from 7/, to 7,,,.
The basis function associated with the mth edge is then defined as

e Om + +
AT p, ifreT;
Sm(r) =\ 1pelOn _ (7.5)
A p, ifreT,
0 otherwise,

where /,,, is the length of the common edge, A}, is the area of triangle 7,,;, and 6}, = 6,,, = 0 in this
case. A few facts about the basis functions should be kept in mind. First, the basis functions are
unitless. Units are carried by the expansion coefficients associated with the basis functions. Second,
the support of a single basis function is limited to two, typically adjacent triangles. Third, the total
current density in any given triangle is the vector sum of contributions from up to three distinct
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¥

¢ Origin
Figure 7.2 Triangular basis function geometry showing two triangles with a common edge. The superscript
“c” denotes the centroid of the triangle.

basis functions whose common support includes that triangle. Fourth, any current flow normal to
an edge is due entirely to the basis function associated with that edge. Finally, the basis functions
are normalized so that the normal component of current density crossing the defining edge is unity?
at any point of the edge. This means that the expansion coefficients {.%,} defined below can be
interpreted as the total current crossing the associated edge(s) of the triangulated surface.

This definition is identical to that of [2] except for the introduction of the factors containing 6;;.
To see why these are necessary, consider the situation shown in Figure 7.3. Points within the unit
cell are parameterized using

p=¢&s1+nsy, 0<&E<1,0<np<1. (7.6)

Unit cell boundaries are located at ¢ = 0, § = 1, 7 = 0, and n = 1. In order to preserve the
periodicity of the computed currents we agree to triangulate the unit cell in such a way that the
number and location of the resulting edges along the & = 0 and £ = 1 boundaries are identical, and
similarly for the 7 = 0 and = 1 boundaries. A pair of triangles 7}, and T,,, with edges at the £ =0
and & = 1 boundaries, respectively, are shown in the figure. These edges both span the same range
of 17 and so are parallel and congruent. A basis function is defined for each such pair of triangles
on the ¢ = constant or = constant boundaries. We focus attention upon the basis function f,,
whose support is the union of the two triangle faces shown in the figure. Because of the boundary

2]t is easy to see that the normal current density crossing an edge is constant by recalling that the equation of a plane
in space is 7i - r = constant. Similarly, the equation of the line containing the defining edge for the mth basis function is
A - pt = constant. In fact, the normalization for the basis functions is selected so that this constant is unity in magnitude.
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Figure 7.3 Triangular basis function geometry showing a pair of triangles located at the £ = constant unit
cell boundaries.

condition _
V(r+msy +nsy) = V(r)e /M) oy, pez (7.7)

enforced on all currents and fields in the unit cell, it must be true that the normal current density
crossing the edge at & = 1 is equal to that crossing the & = 0 edge multiplied by the factor e=/¥1,
Therefore, we must insist that

O = O3 — 1. (7.8)
We will establish the convention that 67, = 0 for all edges except those along the ¢ = 1 and 7 = 1 unit
cell boundaries. Therefore, for the situation shown in Figure 7.3 we have 6;, = —1 and similarly

for all other triangles with one edge located on the &£ = 1 boundary. For triangles with an edge on
the 7 = 1 boundary we set the corresponding phase to —i;.
We now expand the unknown electric surface current density in a series of these basis functions:

Ny j
Jip)= ) T falp). (7.9)
n=1 "

The number of basis functions N is equal to the number of interior edges of the triangulated surface
in the z = 0 plane of the unit cell plus the number of edges along the £ = 0 and 7 = 0 borders of the
unit cell. Note that .%,, has units of A.
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7.1.2 Impedance Matrix
Reduction to Matrix Equation

Having expanded the unknown current in a series of suitable basis functions, it is now desired to
determine the coeflicients in a way that satisfies Equation (7.2) as closely as possible. The method
of moments transforms the functional Equation (7.2) to a matrix equation by enforcing it in an
average manner. This is accomplished by first defining an inner product which maps a pair of
functions to a single complex number, and then repeatedly testing the equation by taking the inner
product of both sides with a number of testing or weighting functions.

The inner product used in testing Equation (7.2) is

(f.g) = / g ds. (7.10)

The asterisk denotes complex conjugation and the integration is performed over the portion of the
z = 0 plane containing the common support of the two functions f and g. We choose our testing
functions to be the same as our basis functions (Galerkin’s method). Then taking the inner product
of (7.2) with each of the functions f,,/l,, form =1,2,..., N yields

JO (A, fnllm) + (VD fon ) +{ZsT s, frnllm) = (B frn/lm)
m=1,2,...,Ny. (7.11)
Following [2] we can approximate the second term of (7.11) by
(VO, fo/ln) ~ eI Om®(re) — e/ (rSh) (7.12)

where r¢F is the centroid of triangle 7),,. The first term is also approximated as in the reference:

1 . o
(A fllm) = 5 [A(rf;) CpSre IO 4 A(rS) - pSoe i (7.13)

pSr is the vector p7, evaluated at the centroid of the corresponding triangle.

Substituting the expansion of the current (7.9) into (7.11) yields the desired matrix equation.
E5 =9, (7.14)

where & = [Z,,,] is the so-called generalized impedance matrix, a square matrix of order N
with units of Q. F = [.%,,] is the column matrix of unknown current coefficients with units of A.
V = [V] is the excitation vector (or generalized voltage vector) with units of V. The elements of
the generalized impedance matrix are

Emn = <Zsfn/ln, fm/lm>
P

2

.
+jwlAr, cBmemitn A- mee_Jg'_" LD eI O @t IO (7.15)
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where

+ 1 /7 ’ /7
A,;msl—//(;;‘x roE ) £, (F) dS
n

eje;; A Cct. 1 + ’ ej@,; A cE, ./ - ’
YT G (r5sr’) p, dS Eye G (ry5sr’) p, dS (7.16)
n JIT,f n JJT,

and

j ’ ’ ’ ’
0= L [ Gosrvie g, as

ST L0k JOn
w n T, n 3

n

and we have used the fact [2] that

Ly, i+
A—’:eJ"n ifreTt
Vo fur) = 2l i ey e p (7.18)
n
0 otherwise

which holds true for a basis function consisting of a pair of adjacent triangles. For basis functions
defined on nonadjacent pairs, the expression for the surface divergence includes a pair of line
singularities whose contributions to (7.17) can be shown to cancel.

Efficient Evaluation of the Generalized Impedance Matrix

The authors of [2] discuss the way in which redundant calculations can be avoided by considering
face-pair contributions to & rather than the edge-pair contributions used in the definitions of (7.16)
and (7.17). Here we apply the same technique using our potential Green’s functions specific to this
problem. In addition, we individually track the contributions to the impedance matrix exhibiting
distinct frequency dependence, thus allowing a wide-band implementation.

Vector Potential Contributions Consider first a typical vector integral needed to evaluate Z,,,.
The quantity

jo;
AW = ;T //TVG;‘x(rC”;r') p,; ds’ (7.19)

represents the magnetic vector potential at the centroid r* of triangle 7" due to the ith basis
function defined on triangle 7. In (7.19) we have temporarily assumed a local numbering scheme
on the source triangle, with vertices at ry, r, and r3, and where

pi = i(r/ - I‘i), I = 1,2, 3 (720)
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The plus sign is selected in (7.19) and (7.20) if the associated basis function defines positive current
to flow out through the ith edge of the triangle, which lies opposite the ith vertex. Using the
expressions for the magnetic vector potential Green’s function given in Chapter 5, Equation (7.19)
can be written as the sum of a frequency dependent term arising from the modal difference series,
added to several contributions arising from the spatial series:

ﬂ pl dS; J?V " C3(/1s,fs’/1s+l’5s+l)K?V:| (721)

ALY = el [4711‘;;

247 Pio u
where
Iy =55 //Em(r“‘ r’) p; dS’, (7.22a)
Sai(rr’) = ﬂ Z ViTE([;";’; i) i el Ekf: :"e‘”)] e P 1 (7.22b)
Jv = - ‘//Pl Z upm;p—mnmo5noe_j(m¢,l+w2) ds’, 7.220)
K" = o // pi mzﬁe—“f’%‘ne—f<m%+"”/2> ds’, (7.22d)

and pit = |[r** —r’ —ms; — ns;||. Note that the only frequency dependence in (7.21) occurs in
the terms I7” and c3. Therefore, the contrubutions due to the singular integral, Ji'* and K}'" can be
computed once, stored, and combined appropriately at each new analysis frequency. Although I}
must be computed anew at each frequency, the modal difference series occurring in its integrand
can be very rapidly evaluated by simple interpolation into a two-dimensional table obtained from
the FFT (Section 5.4).
Calculation of the singular integral in (7.21) is discussed in Appendix B. Efficient evaluation of
the remaining integrals is discussed next.
Each of the integrals I bl‘l.", J!V, and K}'" is of the form
L;=%Lix+yL;y = —/ p; f(r;r’)ds’. (7.23)
24V JJrv
Each involves a bounded, well-behaved integrand which can be integrated numerically using a
low-order Gaussian scheme designed especially for surface integration (cubature) over triangular
domains [22]. However, it is advantageous to first express them in terms of integrals which do
not depend on the particular basis function index i. To accomplish this, we employ the so-called
normalized area coordinates (¢£,1, {).> The source point can be written in terms of area coordinates
as
r'=&éri+nra+ir; (7.24)

[Tt}

3In this section “n” is used to mean one of the normalized area coordinates. Elsewhere in these notes the same
symbol may be used to represent the intrinsic impedance of a dielectric medium.
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so that
pi=2(r'—ri)=x(ri+nra+irs—r). (7.25)
where the {r;} are the vertices of the source triangle TV having area AV. Only two of the three
(nonnegative) coordinates can be independently specified since & +  + { = 1 for points in the
triangle. The area element in normalized area coordinates is dS’ = 2AY d¢ dn.
The desired integral L; can be expressed in terms of scalar integrals over normalized area
coordinates which are independent of i in the following way.

L;=+[riLg+rLy+r3Ls —riL] (7.26)
where
1 1-n
Lg = / Efr éry+nry+ ry) dédn (7.27a)
0 0
1 1-n )
L, =/O /0 n f(reéry+nra+ fr3) dédn (7.27b)
1 1-n
L= / Cf(retér +nry+ Cr3) dédn (7.27¢)
0 0
1 1-n
L= / fr" éry +nry + (r3) dédn. (7.274d)
0 0

It is important to note that the above integrals are not all independent. We also have that
L=Lgs+L,+L; (7.28)

so that in general there are three integrals to be numerically evaluated for each observation point
/ source triangle pair. These integrals, when weighted according to Equation (7.26) contribute to
as many as nine entries of &, depending on the number of basis functions defined in each triangle.
They are computed using the seven-point cubature formula found in, e.g., [22] or [23].

1 1-7n 7
/0 /0 F(&m) d¢ dn ~ )" wif (€x,mi). (7.29)
k=1
The sample points and weights are given in Table 7.1.

Scalar Potential Contributions In addition to the vector integrals just discussed, it is also
necessary to calculate scalar integrals of the form

uv jejgit O/ cu. . ’
O =+ oA GT(r";r’) ds’. (7.30)

@V is the electric scalar potential at the centroid of triangle 7" due to the surface electric charge
density associated with the ith basis function defined on triangle 7V. As before, the sign is taken
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k &k Nk Wi

1 | 0.33333333333333333 | 0.33333333333333333 | 0.11250000000000000
2 | 0.10128650732345633 | 0.79742698535308730 | 0.06296959027241358
3 | 0.79742698535308730 | 0.10128650732345633 | 0.06296959027241358
4 | 0.10128650732345633 | 0.10128650732345633 | 0.06296959027241358
5 | 0.47014206410511505 | 0.05971587178976989 | 0.06619707639425308
6 | 0.05971587178976989 | 0.47014206410511505 | 0.06619707639425308
7 1 0.47014206410511505 | 0.47014206410511505 | 0.06619707639425308

Table 7.1 Sample points and weights for seven point triangular cubature.

to be positive if the basis function in question defines positive reference current to flow out of T
through the ith edge. We proceed as before, using the results in Chapter 5 for the electric scalar
potential Green’s function to write the above integral as

Jejg dS, d3(/~l3 €s>Hs+1> EH—I)
O = = — [ T //Vpcu Je . K (7.31)
00
where

Iy = v /]TVZMz(rC“;r’) ds’, (7.32a)

1 2jwe(VIM —VIE) 1 @ (esiian) | _ cu_ps
5 cu. L — i i - 52 Cs o Ms+1,Es+ —JjBn(r —r)’ 7.32b
m2(rsr’) = o Z - — o e (7.32b)
=24y // Z = 000 s g, (7.32¢)

TV 0 Mpmn

= UPin g (M) 4 g7, 7.32d
24" //Tmzne ¢ (7.32d)

Note that J*¥ and K*" have already been computed as scalar portions of the corresponding vector
integrals J" and K", respectively (see Equation 7.27d). The only new quantities to be computed
are I3V and the singular integral. The integral /3" can be computed in exactly the same manner
as I}V using the FFT. Evaluation of the singular integral is discussed in Appendix B. Note that the
only frequency dependence in (7.31) occurs in the factor w and the terms /5" and d3.

Surface Impedance Contributions The contribution to the generalized impedance matrix due
to finite surface impedance of the conducting layer is given by the inner product

(Zs fullns Frullm) - (7.33)
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Note that in most cases basis functions m and n do not share any common support and the inner
product yields zero. Otherwise, two cases remain. Either n = m, or n # m with edges n and m
common to a single triangle. The formulas for the inner product in these cases, assuming that the
surface impedance is constant on each triangle face, are derived in Appendix C. For n = m the
result is

(31+2 +3052 - 12) +

(Zsf ullns Frllm) = ZA_(31 24302 - 12) (7.34)

48A’r 48
where the plus and minus signs refer to triangles 7,; and 7, , respectively, and /7 and [;; are the
lengths of the two other edges on these triangles. For n # m the result is

<Z fn/ln,fm/lm>—+gf(9 —60m) Z

25 m + 1n = 315) (7.35)

where the double superscript mn refers to the triangle common to basis functions m and n and [, is
the length of the third edge. The minus sign is taken if one of the basis functions f,, and f, define
positive current flow out of the triangle while the other basis function defines positive current flow
into the triangle. If the two basis functions agree in this respect the plus sign is used.

7.1.3 Generalized Voltage Vector

The elements of the generalized voltage vector are defined as

By = (B, £ /1) //E‘““ £idS, m=1,2,...,Ny. (7.36)

The incident field E™™ is the field that would exist in the absence of the FSS metalization due to
an incoming, normalized Floquet mode from Region 1 or N with unit amplitude coefficient. This
scenario was treated in Chapter 6 and we use the results derived there. Leti € {1, N} be the region
index designating the source of the incoming Floquet mode. The mode index is ¢ = (p,, my, ng)
where p, = 1 for TE modes and p, = 2 for TM modes. The transverse portion of the incident
electric field evaluated in the z = z plane is:

I.-E™(p) =V(z,)el (p) = V(zs)el T, e Prmana P (7.37)

where the modal polarization vector 7, is defined as

“)

{z X Byn  Pq =1 (TE modes), 738)

B Pq = 2 (TM modes),

and V (z,) is the equivalent transmission line voltage evaluated at z = z, using the formulas presented
in Chapter 6.
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Upon substituting the incident field of (7.37) into (7.36) we find that

B V(zs)c .

(@)
T iy [[ e nane as

Im
V(Zs)c(l) A ~k
:thq- mBugny)» m=12,...,Ny, (7.39)
where
Futl) = [[ 1,0 eR0 s (7.40)

is the Fourier transform of the mth basis function evaluated at k = Xk +yk,. The Fourier transform
is numerically evaluated using the formulas of [24].

7.2 Magnetic Current Mixed Potential Integral Equation

In this section we consider an FSS that is modeled using equivalent magnetic surface current. This
choice is convenient when more than half of the unit cell area is occupied by perfectly conducting
metal.

We assume that the primary excitation is an incoming Floquet mode with unit amplitude,
incident upon the multilayered structure from either Region 1 or V.

Using the equivalence principle, the FSS aperture § is filled in with PEC and an unknown
magnetic surface current (M on the incident side, and —M on the far side) is impressed just outside
the metal surface, so as to reproduce the scattered field exactly in all regions. The incident field
is thus the field that would exist in the structure with an unperforated ground plane at z = z5. It
includes reflections from the ground plane on the incident side of z; and is zero on the far or
transmitted side.

In the case where the incoming wave is incident from Region 1, the boundary value problem to
be solved is

I - [H™(x,y,z) + HY{M}(x,y,25)] = I, - HS"V{-M}(x,y,25), (p€S) (7.41)

where H'™ is the total “incident” magnetic field in the presence of the unperforated PEC plane at
z =0, H®){M}(r) is the magnetic field evaluated at point r € {z < zy} that would be radiated
by the periodic magnetic surface current M impressed on the groundplane at z = z; — 0, and
HO*D{M}(r) is the magnetic field evaluated at point r € {z > z,} that would be radiated by the
periodic magnetic surface current M impressed on the groundplane at z = z5 + 0. In the case where
the incoming wave is incident from Region N, the boundary value problem to be solved is

I -HO{-M}(x,y,z) = I, - [H™(x,y,25) + HS"V{M}(x,y,25)], (p€S) (742

Using the linearity of the magnetic field operator allows us to rewrite the both integral equations
in a unified form:

—I,- [HY{M}(p) + HS*V{M}(p)] =I,-H™(p), (p€S) (7.43)
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where it is to be understood that p represents a point in the plane z = z;. In terms of potentials the
boundary value problem becomes

[~jwF(p) +V¥(p)] - I. = H™(p)-I.. (p€5) (7.44)

where the potentials can be expressed as superposition integrals
I.-F(p) = [[ GEp-p)- M(p)as" (745)
Y(p) = // G*(p-p) - qm(p’)dS". (7.46)

In (7.45) and (7.46), M and ¢y, are the unknown induced magnetic surface current and surface charge
densities, respectively, which will be determined by enforcing Equation (7.44) in an approximate
manner using the method of moments. The functions G, and G¥ are the sum of the left-looking
and right-looking Green’s functions as defined in Chapter 5:

Gip-p)=GE(p-p' 25,25) + GE(p— P 250 25) (7.47a)
G¥(p-p)=G¥(p-p"25.2,) + G (p—p'. 25 25). (7.47b)

We again employ the triangle subdomain basis functions that were described in Section 7.1.1.
We now expand the unknown magnetic surface current density in a series of triangle-pair basis

functions:
Nm

M(p)= Y T Fulp). (7.48)

n=1
The number of basis functions Njs is equal to the number of interior edges of the triangulated
aperture in the z = O plane of the unit cell plus the number of edges along the é =0 and n =0
borders of the unit cell. Note that %, has units of V.

7.2.1 Admittance Matrix
Reduction to Matrix Equation

Having expanded the unknown magnetic surface current in a series of suitable basis functions, it
is now desired to determine the coefficients in a way that satisfies Equation (7.44) as closely as
possible.

We choose our testing functions to be the same as our basis functions (Galerkin’s method).
Then taking the inner product of (7.44) with each of the functions f,, /I, form = 1,2,..., Ny
yields

— J{F, folln) + VY, fru/ln) = (H™, fulln),  m=1,2...,Ny. (7.49)
We approximate the inner products in the same manner as was done for the case of electric sources:

(VY, fou/ln) = e TOmP(rSy) — e/ 0mp(rSh) (7.50)
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where r¢7 is the centroid of triangle 7,,,. Also, we use

1 . .
(Fofulln)~ 5 [F(r;j) CpSteTIOm L F(rST) « pSoe i | (7.51)

pSr is the vector p;, evaluated at the centroid of the corresponding triangle.
Substituting the expansion of the current (7.48) into (7.49) yields the desired matrix equation.

YV =3, (7.52)

where Y = [Yun] is the so-called generalized admittance matrix, a square matrix of order Ny
with units of S. VU = [7},] is the column matrix of unknown magnetic current coefficients with
units of V. ¥ = [F,,] is the excitation vector (or generalized current vector) with units of A. The
elements of the generalized admittance matrix are

pc+ . pc_ N N -
Ymn = —jw (F;m . Tme”om +F,, - Tme_"’m) + W e O0m oI Om (7.53)
where
+ 1 F ct ’ ’ ’
Fon =1 || Gax(risr) fu(r) dS
n
ej9;[ F ( ct._ N + ’ el On F /.ct. .\ — ’
= 24 Tngxx(rm;r ) Py, dS" + A Tn_Gxx(rm;r ) p, dS (7.54)
and

+ j + ’ ’ ’ ’
W= 2 ] 6"V g as
Win

[0 oy
=L [—6A+ // GY(ret,r) ds’ - eA_ // GY(resr) dS’] (7.55)
w n T,F n n

Efficient Evaluation of the Generalized Admittance Matrix

Vector Potential Contributions Consider first a typical vector integral needed to evaluate Y.
The quantity

v ejeit ’ ’
=t //T GE(r51') p dS (7.56)

represents the electric vector potential at the centroid r°* of triangle 7" due to the ith basis function
defined on triangle 7V. In (7.56) we have temporarily assumed a local numbering scheme on the
source triangle, with vertices at rq, ra, and r3, and where p; is defined in Equation (7.20). Using
the expressions for the electric vector potential Green’s function given in Chapter 5, Equation (7.56)
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can be written as the sum of a frequency dependent term arising from the modal difference series,
added to several contributions arising from the spatial series:

(s) (s+1)
+ € +C €
P = - Sert| Ty // L a5 vy + 22 e o AL
n € 1 2AY Jrvpgy 2€u
where .
Iy //Tfhl(r“';r') p; dS’ (7.58)

and X}, is defined in Equation (5.26). Note that the only frequency dependence in (7.57) occurs
in the terms I7” and c3. Therefore, the contrubutions due to the singular integral, Ji'* and K}'" can
be computed once, stored, and combined appropriately at each new analysis frequency. Although
the value of 1 ’1”;" must be computed anew at each frequency, the modal difference series occurring
in its integrand can be very rapidly evaluated by simple interpolation into a two-dimensional table
obtained from the FFT (Section 5.4).

Scalar Potential Contributions In addition to the vector integrals just discussed, it is also
necessary to calculate scalar integrals of the form

‘Pl'-'w:ij(jAv // GY (r; ') dS’. (7.59)
TV

W'V is the magnetic scalar potential evaluated at the centroid of triangle 7* due to the surface
magnetic charge density associated with the ith basis function defined on triangle 7V. As before,
the sign is taken to be positive if the basis function in question defines positive reference current to
flow out of TV through the ith edge. We proceed as before, using the results of Chapter 5 for the
magnetic scalar potential Green’s function to write the above integral as

» , _ (g (st
A v, // A8 g A
Ho 2 2AV v p()() ' 2u Ms Hs+1

1
V= 7Av ‘/‘/TVZI’\“(rC“;r’) ds’ (7.61)

and Z’ 112 18 defined in Equation (5.26).
All of the integrals in (7.60) have been previously discussed. Note that the only frequency
dependence (apart from the leading factor of 1/w) occurs in the terms 1’2’” and ds.

iZjej‘gii

T

Py = K (7.60)

where

7.2.2 Generalized Current Vector

The elements of the generalized current vector are defined as

. 1 .
jm:(H‘“c,fm/lm):l—/ H"™ . fr.dS, m=12,...Ny. (7.62)
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The incident field H™ is the field that would exist in the presence of the unperforated FSS
metalization due to an incoming, normalized Floquet mode from Region 1 or N with unit amplitude
coefficient. This scenario was treated in Chapter 6 and we use the results derived there. Let
i € {1, N} be the region index designating the source of the incoming Floquet mode. The mode
index is ¢ = (p4,my, ng) where p, = 1 for TE modes and p, = 2 for TM modes. The transverse
portion of the incident magnetic field evaluated in the z = z; plane is:

I H™(p) = I(z)hy (p) = 1(z))¥y" ¢ 2 x fye ™ Pmana’® (7.63)

where the modal polarization vector fq was defined in (7.38) and /(zy) is the equivalent transmission
line current evaluated at z = z using the formulas presented in Chapter 6.
Upon substituting the incident field of (7.63) into (7.62) we find that

m

ZX fq . / f;kn(p)e_jﬁmqnq'p ds

Im
I(ZS)Y(i)C(i) o
= =%y FuBgn,)s m =12 N, (7.64)
where
Fonlh) = // Fn(p) €7 ds (7.65)

is the Fourier transform of the mth basis function evaluated at k = £k +§ k. The Fourier transform
is numerically evaluated using the formulas of [24].



Chapter 8

Calculation of Performance Parameters

8.1 Introduction

Although knowledge of the magnitude and phase of the generalized scattering matrix (GSM)
elements provides a complete description of the frequency/polarization selective surface (FSS/PSS),
it is often more convenient for the user to examine other performance parameters. This chapter
defines a number of user-oriented performance parameters and describes how they are calculated
from elements of the GSM.

We are concerned here with only the two fundamental propagating modes in layers 1 and N:
the principal (m = n = 0) TE and TM modes. We assume that these two regions are lossless, so
that their wavenumbers k| and kn and intrinsic impedances 771 and i are all positive numbers.
The scattering relation for the incident and reflected components of the dominant TE/TM modes is
determined from the GSM:

(1) (1) (1)
b%oo “100 S ShL Sy Sy “100
pD st 8121, sit gll g2 12| | 4
0 — 00 | = 21 22 21 22 0 (8 1)
(ZN% 821 822 (ZN 821 821 822 822 gN : :
b 00 100 11 12 11 121 (%100
b%N) 1 g2 21 g2 2| | (%)
200 500 21 °2 221 °nlla,,

8.2 Horizontal and Vertical Polarization

The GSM relates the incident and scattered fields using a TE/TM plane wave decomposition. It
is sometimes more convenient (say, when analyzing a meanderline polarizer in other than the
principal planes) to consider scattering and reflection using a basis consisting of vertical and
horizontal polarization.

We need to define four sets of horizontal and vertical unit vectors. These are (ftinc,i)‘ilnc ,

(ferEf, i)‘rlef), (l’\zil?f,ﬁi;\l,c), and (ﬁref, ﬁg\e,f), which correspond respectively to Region 1 incident and
reflected waves and Region N incident and reflected waves. These can be conveniently defined by

employing the so-called “Ludwig 3” (or “L3”) unit vectors defined in [25]. Following the cited

72
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reference, we define the horizontal and vertical unit vectors & and  in terms of their “look angles”
6 and ¢ as

h(o, ®) = 6(0, ¢) cos p — ¢(6, ¢) sin ¢, (8.2a)
$(6,¢) =0(0,¢)sind + $(0, ¢) cos ¢, (8.2b)
where
7(6,¢) =Xsinfcos ¢+ Jsinfsing +Zcosb, (8.3a)
6(6, ) = £cosbcosd + §cosBsing — Zsin6, (8.3b)
(0, ¢) = —%sin + J cos . (8.3¢)

We now define appropriate look angles for Regions 1 and N for both incident and reflected waves.

f f
i i
X gref .
Region 1 1 Region N
kg —7 - FSS/PSS g
1M pine kn,nn
kllnC kl;\l,c

z2=21 Z=2IN-1

Figure 8.1 Incident and reflected wave vectors in Regions 1 and N.

We begin by defining incident and reflected wave vectors in both regions as shown in Figure 8.1.

~ .. (1 .. (1
K = Boo—2vsy)s KT = Boo + 2775, (8.42)
Jine — s (N) kel = 2 (N) 8 4b
N =Boo+2ivy s kN =Boo—Zivy - (8.4b)

Recall that for the assumed propagating modes, both y(()(l)) and yéév ) lie on the positive imaginary axis

of the complex plane. Also, note that the tangential components of the wave vectors are identical
for all four cases, as they must be due to the continuity (“phase match’”) boundary condition at each
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interface. The look angles are now defined via

(1)

] 2 . kinC (1) )
cos 6} = . L - JZOO |7k l, sin 6" = '% (8.5a)
1 1 1 1
cos ¢11nc =x- P = ﬂoox, sin ¢11nc =y- b = IB‘ — (8.5b)
Boo  Boo Boo  Boo
Href ch ¢ref _ ¢inc +7T (8 SC)
1 1 =9 .
Z- kref —jivy |7’ N)| Boo
eref — 00 00 , eref _ = 8.5d
cOSON kn kn kn Nk (8:5d)
P = g, (8.5¢)
e = o5, P = g = Pt (8.5f)

We then choose

11 ) (h(011n0,¢1n0) v(gmc,¢mc )’ (href Aref) ( (Oret ¢rlef) v(gref’ ¢ret )’ (86)
(i,;l]l’\}c,i)\lll’\ll) (h(el]l\llc’¢lnC) (01n0’¢1nc ), (hgi:/f’ ﬁlﬁf) ( eref ¢§£:]f) (eref, ¢ref ) (87)

These choices imply that the tangential components of incident and reflected horizontal L3 vectors
of a given region are equal, as are the tangential components of the vertical vectors. In fact, if k_1
and k are equal, then these statements are true considering both regions together.

8.3 Circular Polarization

The circular polarization basis vectors are defined in terms of the Ludwig 3 vectors as

- 2 4 - 5

2= i jote). R = 2 e, @80

iy - i(href o, R = £<lf€f+ o, (8:85)

i;r\;c _ £(h1nc _ AlIlC)’ Rl;\lf — £(h1nc -AmC)’ (8.8¢)

Ly = %(ﬁ;@uﬁssf), Ry = gw%ﬁsf I, (8:3d)
(8.8e)

8.4 Scattering Relations for Alternate Basis Vectors

The GSM computed by PSSFSS defines the scattering relationship for fields decomposed into
principal (zero-order) TE and TM Floquet modes. It is also desired to determine the scattering



8.4  Scattering Relations for Alternate Basis Vectors 75

between fields expressed as components along the four basis vectors L,R, h,and 9. For example, it
is of interest to determine the Region N transmitted LHCP and RHCP (left and right-hand circular
polarization) components for a horizontally polarized wave incident from Region 1 onto a PSS
composed of a meanderline polarizer.

8.4.1 Incident Fields

Region 1 Incidence

Consider a plane wave incident upon the FSS from Region 1:

. . +7.inc 5
Einc — Ellane—jk1 ~(r—zzl)’ 7< 71 (8.9)

where 71 is any of the Region 1 incidence unitary basis vectors previously introduced, and

‘ Pony Pokim
Einc = A ginc = (1) (8.10)
\ A cos 6 Vo0 1A

is chosen to ensure that the incident field is normalized to Pg = 1 w incident on the unit cell of area
A. In order to find the fields scattered from the FSS by the incident field in (8.9), we express the
incident field as the sum of a TE and TM wave:

1 1 1 1
(#£+59) - E™ =a el +al)) el (8.11)

where it will be recalled that a subscript of (100) denotes the principal TE mode and (200) denotes
the principal TM mode. The expansion coefficients in (8.11) are determined by equating the
tangential components of (8.9) with (8.11) and invoking the orthogonality of the Floquet modes.
First for the TE mode:

1 1 1 1 i Ai An A —jkinc 1 N
el et x iy -2an= [| Bt - e Ty

ity =i [ ERECe — g2 £ x (1) 2 (el ) P ] 204
100

(M D
EmCYloo 1004

. f 8.12
P, 100 (8.12)

where we used the facts that PI(,’,)W = Py and the mode normalization constant and modal admittance
are positive for propagating modes. Using Equations (2.25), (2.15), and (8.10) this result can be

further simplified:
(U Poklnl |7(§(1))| leIIPO Al I Al £
a0 = 0 A 0 Tllnc <o = Tllnc < £100. (8.13)
Yoo 1A 1T\ Alyy,'|
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A similar derivation for determining the TM travelling wave coefficient results in

n _ fllnc * 1200

= iy 8.14
200 coS 911nc ( )
Region N Incidence
Consider a plane wave incident upon the FSS from Region N:
e e B N (8.15)

where #1" is any of the Region N incidence unitary basis vectors previously introduced, and

in Poknnn
ENC = T (816)
1700 1A

Peforming a similar derivation to that done for the Region 1 incidence case results in similar
formulas for the travelling wave coefficients:

Ainc , 7.
‘ * 1200
(N) _ ainc 2 (N) _ N
Aigp = TN 1100, Aro0 = COSOinC—. (8.17)
N

8.4.2 Scattered Fields
Region 1 Scattered Fields

The electric fields scattered by the FSS into Region 1 and evaluated in the z = z; plane are
_ 5 () 1) (1), s (D Y]
E*(0,0,21) = bygo€ 100 + byp (€250 + 72¢200800/ vgp ) (8.18)
where bg(l))o and bg(l)z) are determined from the scattering relation (8.1).
Suppose now that we wish to determine the components of the Region 1 scattered electric field

. A A A A . . A ~ aref _aref
along basis vectors Trff, and a'rlef, where (‘rrff, O'rlef) is either (hrff, vrlef or (L, ,R,):

E*(0,0,21) = EM (b5 + b el (8.19)

Since the bases are unitary vectors, the coefficients are easily found by dotting the complex conjugate
of the basis vector with the given electric field. Performing this operation and solving for the basis
vector coefficient, we find that

n % A A * A 00 A
b = b0 (£ Figg + b (£ (tzoo + %z) , (8.200)
Yoo |
N % A ~ % A 00 A
b = bl (OF)" « Froo + bl (O (t + %) (8:20)
00
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Region N Scattered Fields

The derivation to determine the scattered field coefficients for Ludwig 3 or circular polarization
basis vectors goes through exactly the same as for Region 1, except for a change in the sign of the
z-component of TM electric field. The resulting formulas are

N oA N * A 00 A
bErN) — bigg) (Tf]f) <f100 + bg)\{)) (T;Sf) . (t200 - ﬁ(N) z) s (8.21a)
1700
A * A A * ~ 00 A
bN) = {0 (67« Fig0 + BSN) (675F) " - (tzoo - /j—N”Z) (8.21b)
00



Appendix A

Orthogonality of Floquet Modes

We wish to show that the Floquet modes are orthogonal in the following sense:

// € pmn X Wy 2 AA = 6y Sy S P (A1)

where U’ is the restriction of the unit cell to the plane z = 0, e, and hp,y,  are defined in
Equations (2.19), 6y is the Kronecker delta, and P, is given in Equation (2.22). Verification of
Equation (A.1) is treated in two cases:

A.1 Both Modes Share Common Wave Vector

We consider here the case with B,,,, = B,,,,» Which implies that

mpB,+nB, =m'B; +n'P,. (A.2)

Taking the cross product of each side of (A.2) with 8, shows that n = n’, and similarly, crossing
both sides with 8, shows that m = m’. It remains to show orthogonality when p # p’ and also that
the normalization given in Equation (A.1) is correct when p = p’. These both follow immediately
from examining Equations (2.19), after noting that

*

* The cross product e, X h pmn 18 1dentically zero for p # p’ at all points in the unit cell
due to colinearity of the two vectors, and

* The phase variation of the two factors in the cross product perfectly cancel.

A.2 Distinct Wave Vectors

Here we assume that the two wave vectors 8,,,, and B, are distinct. Orthogonality then depends
on the value of the integral

L = // o= BBt P A = // i Lm=m)Bis(n-n)Bs1p g4 (A3)
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We introduce the change of variables p = £151 + &252 so that the area element is dA = A d¢; dé,,
where A = £ - 51 X 57 is the transverse area of the unit cell. The integral in (A.3) then becomes

1 1
Lonmn = A/ / e~ L(m=m)Bi+(n=n")B;]-(£151+&252) dé, dé, (A.4)
&1=0 J £=0

We now employ the properties of the direct and reciprocal lattice vectors:

Bi-s1=2n, By-52=0 (A.5a)
Br-s2=2r, Pp-51=0. (A.5b)

The integral then becomes

1 1
Lnmn = A/ / e~ /27l (m=m") &1+ (n-n') &] dé, dé,
£1=0 4 £=0

= Ae I m=mOm o=i (=07 o [ (m — m") 7] jo [ (n — n') 7]

— Ae—j(m—m’)ne—j(n—n')né-mmlénn,

= ASm Onn' s (A.6)
where we have used the identity
1 . .
/ eIy = 7T o (), (A7)
0

Jo being the spherical Bessel function of the first kind of order zero:

SIX - fx # 0
o) =4 ¥ A8
jox) {1 ifx=0. (A.8)

This completes the orthogonality proof.



Appendix B

Evaluation of Singular Integrals

This Appendix is concerned with evaluating the singular integrals that occur in Equations (7.21)
and (7.31). Since we are concerned only with strictly planar structures, both integrals can be simply
evaluated by specializing the formulas of [10] to the case where the observation point is in the plane
of the source triangle.

The two integrals of interest are

ds’ ’r ;
// — % ad // SRSV (B.1)
v ||[r’—ret|| v [[r —reu||

where T is the source triangle, and r°“ is the centroid of the observation triangle. For the purposes
of this Appendix we adopt a local numbering scheme r; € {ry,r;,r3} for the source triangle
vertices. For convenience in the formulas presented below, we also define r4 = r.

The second, vector, integral in (B.1) can be written

r —r; r _r
u_p, B.2
//Tv e —reay //T ey 457 ’)//v rwn ®2)

which is a more convenient representation, because it is now expressed in terms of the two integrals
directly treated in [10]. We thus have the two formulas

3 + 4+
P; +l
0, 4 1In B3
//v r = reu)| —rC“|| Z P+l (B.32)

=1

3
r’ —r¢ 1
//v =g ¢ EZ ‘

i=

+ 47+

Pr+1
( ) Nt [P = Py (B.3b)

i i

which are the specializations of Equations (5) and (6), respectively, of [10] to the case when the
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variable d defined in [10] is zero. The additional variables needed to evaluate (B.3) are

li =riy —ri, li = ”ll” P ii = li/li’ (B4a)
IF=(rig —r) -1, I; = (ri—r) -1, a; =1; x #, (B.4b)
. (r3—r)x(ri—ry) -7

_ 3 22Av 1 2 i P? — (ri _ rcu) _ li l’ P? = ”P? s (B.4C)

cu“
’

Pr=|lrip—r Py =|lr; —r<|| (B.4d)



Appendix C

Basis Function Inner Products

This appendix is concerned with computing the inner product of two basis functions ( oo f m>
Clearly, the inner product is nonzero only when the support of basis functions m and n are common
to at least a single triangle. The two cases to be treated are when m = n, or m # n.

C.0.1 Basis Function Self Inner Product

Using the definition of Equation (7.5) we have

(furfn) =B +B" (C.1)

gt 4A+2 // pt - pt dS. (C.2)

As shown in Figure C.1 let I}, and I} be vectors drawn from the free vertex (i.e. the vertex which

where

L
l+
7| T
l+

Figure C.1 Geometry for calculating self-term inner product.

is not incident upon edge /,,) of triangle 7, to the nodes of edge n. Vectors I, and I, are defined
similarly for triangle 7, except that they are directed towards the free vertex. Usmg normalized
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area coordinates we can then write p;; as
Py =&+l (C3)

Equation (C.2) can now be evaluated as

4A+2// (615 + k) - (E15 -+ n1}) (247 dg d)

1-n
2A+ /0 i (E212% + P17 + 26nlE - 1E) dé dn
n
12

24A+
2

48A+

(2 + 2+ 1% 1%)

(BIE* + 3157 - 12). (C.4)
The final equality above follows from the Law of Cosines:

1
> (4157 - 12). (C.5)

Although the above result assumed that the two triangles comprising the support of f, are adjacent,
the derivation is identical in the case where they are separated.

.05 = -

C.0.2 Inner Product of Distinct Basis Functions

We denote the triangle common to basis functions m and n as T""". The vertices are denoted by r,
rp, and r., where without loss of generality we assume, as shown in Figure C.2, that r,, is opposite
the center edge of basis function m and rj, is opposite the center edge of basis function n. We also

Fa

Tmn

rp m re

Figure C.2 Geometry for calculating inner product of distinct basis functions.

define l;; = r; —rj, fori,j € {a,b,c}. Then

laclpe  j(o,-
(furfm) =2 m e’ (On ""”/ (r=rp)-(r-rq)ds. (C.6)
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The negative sign above is used if one of the basis functions f, or f,, defines positive current
to flow out of the triangle while the other basis function defines positive current to flow into the
triangle. If the two basis functions agree in this respect the positive sign is used. Using normalized
area coordinates the factors in the integral can be written

r—ry=~Elp,+nle, (C.7)

r_rb:(r_ra)+(ra_rb):glba"'nlca"'lab- (C.8)

The inner product can now be written as the phase factor times the sum of two terms

<fn’ fm) = i(Cl + CZ)ej(gn70M) (C9)
where
laclhc ! 1=
Cr= o o (&lpa +1lca) * (Elpa +nlca) A& dn (C.10)
o Jo
and
aclbc
G = 2 AMN / / ab *® (é:lba"'nlca) dfdl] (Cll)
C is easily found using the results of Section C.0.1:
¢, = Jaclbe _ache 32 432, - 12). (C.12)
48 Amn ac bc

An expression for C; is also obtained with a bit of algebra:

1.1 1 1-n
Co= gt [ [ ety ntan 1) e an
lacl
= 1;;3; (Lap " lea - lib)
lacl
= 2213;(1 -32, - 12) (C.13)

where the last equality follows from the Law of Cosines.
Combining the expressions for C; and C; yields

Laclp
(fn,fm>—+e1<9 gm)zlgil—mcn(l ll27c_3l2b) (C.14)

which is the desired formula.
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