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Pressure Coordinates

Get pressure coordinates by using the hydrostatic relation,
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to replace dz wherever it appears,
dz = _dr . (2)
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Consider optical depth
T= / oNdz, (3)

where ¢ is the absorption cross-section (m?/molecule) and N is the number density
of the absorber (molecules/m®). Switching to pressure coordinates yields

T = / oN idlD . (4)
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Then the ideal gas law can be used to substitute for both N and p.
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where p is the molar mass in kg/mole and N4 is Avogadro’s number. Because we
have N/p above in equation (4) for optical depth, lots of things cancel.

P ksTNa _ Na

N
2 = 7
p  ksT Ppu Iz @)
Putting this into equation (4),
T = / U&dp . (8)
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The negative sign in the original dz = —dP/pg has been dropped for convenience. Ob-
viously, the optical depth must be positive, so the coordinate switch probably brings in
another negative sign, perhaps when integral limits are switched because low pressure
is high altitude and vice versa.



The same steps apply to the closely related Schwarzschild equation,
dl = oN[B,(T) — I]dz, 9)

expressed here in differential form. We have the same Ndz factor that, through the
hydrostatic relation and ideal gas law, gets replaced by Na/ug.
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Important to remember that the molar mass here has units of kg/mole.

log Pressure Coordinates

Sometimes there is a case for very high resolution in the upper atmosphere, per unit
mass. To get that, log pressure coordinates can be used, which is essentially the same
as using altitude directly but lets you keep the equations in terms of P. The same
steps from above are applied, with one more. Simply use

1
de =dlnP (11)
or, rearranged
dP = PdInP. (12)
Putting this into the optical depth and Schwarzschild equations,
T:/UNiPdlnP (13)
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It’s the same as pressure coordinates, but multiplied by P. Then, of course, these
equations must be integrated with the appropriate limits, In(Ps) and In(Pioa). Its
important to consistently use the natural log, not logio.

Integrating Multiple Streams

In the absence of scattering, the total flux up or down in the atmosphere must account
for irradiance at all angles in the hemisphere pointing up/down.
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where 6 is the azimuthal angle (zero is straight up/down), ¢ is the “latitude” angle
going around the whole hemisphere. The cosine factor accounts for the angle of I with
respect to the horizontal planar surface that the flux is passing through. The sine
factor simply comes out of the spherical integration, accounting for area attenuation
near the very top of the hemisphere.

Assuming streams are identical with respect to the latitude angle ¢, that dimension
is trivial to integrate.

F =27 /Tr/2 1(0) cos(0) sin(0)dé (16)



The azimuthal dimension generally must be integrated numerically. I should be quite
smooth with respect to 0, so gaussian integration is a good way to do it. The flux is
then

N
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where 0; are the gaussian quadrature nodes mapped to [0, 7/2] and w; are the appro-

priately scaled weights. For a given number of streams N, one can precompute the
factors 2mw; cos(6;) sin(6;).



